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The Motion of  Magnet ic  F i e l d  L i n e s  

David P. S t e r n  
L a b o r a t o r y  f o r  T h e o r e t i c a l  S t i r d i e s  

Goddard Space F l i g h t  C e n t e r  
Green be 1 t , Mary 1 and 2077 1 

A b s t r a c t :  The d e f i n i t i o n  and a p p l i c a t i o n s  o f  t h e  motion of 

m a g n e t i c  l i n e s  of  f o r c e  are r e v i e w e d  and i l l i i s t r a t e d .  

F i r s t ,  t h e  c o n c e p t  of siich a motion i s  introduce:! as  a n  

l i d  to d e s c r i b i n g  the e v o l u t i o n  of a known m a g n e t i c  f i e l d ,  

I t  i s  n e x t  shown t h a t  a known v e l o c i t y  f i e l d  i n  a p e r f e c t l y  

condi ic t ing  f l i i i d  w i t h  embedded m a g n e t i c  f i e l d  may be r e g a r d e d  

as d e s c r i b i n g  t h e  v e l o c i t y  of  t h e  m a g n e t i c  f i e l d  l i n e ~ . t ’ i c ~ r c .  ‘J’ilt. 

c o n s e q u e n c e s  of siich a f l o w  on t h e  f i e l d  are t h e n  d e r i v e d  

i n c l i i d i n g  t h e  p r o p e r t i e s  of  f l u x  and  l i n e  p r e s e r v a t i o n  and 

Cai ichy’s  g e n e r a l  s o l i l t i o n .  The d i s c u s s i o n  i s  t h e n  ex ten , i td  t o  

f l i i i d s  h a v i n g  a f i n i t e  h i g h  c o n d i i c t i v i t y ,  w i t h  a c c e n t  on t h e  

r o l e  of X-type n e i i t r a l  p o i n t s  i n  t h e  m a g n e t i c  f i e l d .  

c o n c l u d e s  w i t h  a b r i e f  d e s c r i p t i o n  of e x i s t i n g  t h e o r i e s  on t h e  

b e h a v i o r  of siich n e i i t r a l  p o i n t s .  

The r e v i e w  



(1) I n t r o d u c t i o n  

Every  t h e o r y  i n  t h e  e x a c t  s c i e n c e s  i s  based  on a iiiath- 

ematical fo rma l i sm which d e r i v e s  i t s  r e su l t s  from some g i v e n  

fundamen ta l  r e l a t i o n s ,  I n  a d d i t i o n ,  however ,  i t  i s  o f t e n  p o s s i b l e  

t o  f o r m i i l a t e  s t a t e m e n t s  o f  a q i i a l i t a t i v e  n a t i i r e  o r ,  a t  l e a s t ,  

w i t h  some i n t i i i t i v e  c o n t e n t ,  aboiit  t h e  s i i b j e c t  d e s c r i b e d  by 

t h e  t h e o r y .  Such s t a t e m e n t s  are v e r y  u s e f u l ,  f o r  t h e y  g i v e  

i n s i g h t  i n t o  t h e  s u b j e c t  s behav io r  and a l l o w  t h e  ded i i c t iop  of 

g e n e r a l  resul ts  w i t h o u t  e x c e s s i v e  c a l c i i l a t i o n .  

The s t a t e m e n t  " i n  h i g h l y  cond i l c t ive  f l i i i d s ,  magne t i c  l i n e s  

of f o r c e  move w i t h  t h e  material" b e l o n g s  t o  t h i s  c lass .  I n  

c o m p l i c a t e d  g e o p h y s i c a l  and a s t r o p h y s i c a l  s i t i i a t i o n s  t h i s  i s  

o f t e n  t h e  f i r s t  gi i ide t o  t h e  e v o l i l t i o n  of t h e  s y s t e m  b e i n g  i n -  

v e s t i g a t e d ,  from which one may c o n t i n l i e ,  s a y ,  by d e v i s i n g  s imple  

( e . g .  two-d imens iona l )  ma themat i ca l  mode l s .  

U n f o r t u n a t e l y ,  t h e  concep t  of t h e  mot ion  of f i e l d  l i n e s  

h a s  a t  times caiised mis i lnde r s t and ing  among t h o s e  n o t  f ami l i a r  

w i t h  i t s  p r e c i s e  meaning and f o r m a l i s t i c  backgroiind. The pi i rpose 

o f  t h i s  a r t i c l e  i s  t o  r ev iew t h i s  meaning and backgroilnd anti t o  

d e s c r i b e  t h e  l i m i t a t i o n s  of t h e  c o n c e p t  and some of i t s  p a s t  

a p p l i c a t i o n s .  I t  i s  hoped t h a t  by f o l l o w i n g  t h e  e x p o s i t i o n  t h e  

r e a d e r  w i l l  g r a d i i a l l y  become f a m i l i a r  w i t h  t h e  s i i b j e c t  and a c q l l i r e  

t h e  " i n t i l i t i v e  f e e l i n g "  f o r  i t  on which milch o f  i t s  a p p l i c a t i o n  

d e p e n d s ,  

A g r e a t  p a r t  of t h e  t h e o r y  o f  mot ion  of f i e l d  l i n e s  p a r a l l e l s  

ea r l ie r  work on v o r t e x  l i n e s  i n  i d e a l  f l i i i d s .  T h i s  f o l l o w s  from 
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t h e  b a s i c  eq i ia t ion  f o r  t h e  development  o f  t h e  v o r t i c i t y  

i n  sUch f l u i d s  

- 

which i s  f o r m a l l y  i d e n t i c a l  w i t h  t h e  e q u a t i o n  g o v e r n i n g  t h e  

development of  t h e  magnet ic  f i e l d  11 i n  p e r f e c t l y  c o n d u c t i n g  

f l u i d s  

- 3 E - o  x ( v  x E%) = 0 ( 1 - 2 )  
?t 

The l a t t e r  e q u a t i o n  i s  r e a d i l y  o b t a i n e d  by n o t i n g  t h a t  t h e  

f i r s t  o r d e r  e l e c t r i c  f i e l d  E?f i n  t h e  frame of t h e  moving f l u i d  i s  

and t h a t  Ohm's l a w  t h e n  i s  w r i t t e n  

Taking  t h e  c u r l  of (1-4) and a p p l y i n g  M a x w e l l ' s  e q u a t i o n s  

y i e l d s  e q u a t i o n  ( 1 - 2 ) ,  i n  t h e  l i m i t  as  ~ 4 ,  j+. - 

An e a r l y  u s e  of  t h e  c o n c e p t  o f  p e r f e c t  c o n d u c t o r s  i s  due t o  

Maxwell (1873; a r t .  654) who showed t h a t  a p e r f e c t l y  condi ic t ing  

c l o s e d  s h e l l  s h i e l d s  i t s  i n t e r i o r  from magnet ic  v a r i a t i o n s  a r i s i n g  

o u t s i d e  i t .  Thus when t h e  c o n d u c t i v i t y  of  any material t e n d s  t o  

i n f i n i t y ,  t h e  m a g n e t i c  f l u x  e x i s t i n g  i n  i t  becomes " f r o z e n  i n "  

and c e a s e s  t o  be i n f l u e n c e d  by e x t e r n a l  f i e l d s .  Siich i d e a s  of  

" f r o z e n  f l u x "  were e x p r e s s e d  by e a r l y  t h e o r i e s  of  s u p e r c o n d ~ i c t i v i t y  



I 

which,  however ,  d i d  n o t  c o n s i d e r  a f l u i d  mediiim and which 

were abandoned a f t e r  t h e  d i s c o v e r y  i n  1933 of t h e  M e i s s n e r  

e f f e c t .  The v iewpoin t  t h a t  i n  a s t r o p h y s i c s  i o n i z e d  g a s e s  can 

o f t e n  be r e g a r d e d  as h i g h l y  c o n d u c t i n g  f l u i d s  i n  which " t h e  

l i q u i d  i s  ' f a s t e n e d '  t o  t h e  l i n e s  o f  f o r c e ' '  was f i r s t  advanced 

by Alfv6n (194.2-b) who a l s o  u s e d  t h e  e x p r e s s i o n  t h a t  i n  t h i s  

case t h e  l i n e s  of f o r c e  are " f r o z e n - i n "  i n t o  t h e  f l u i d  ( A l f v g n ,  

1942-a). 

v o r t i c i t y ,  d e r i v e d  by Helmholtz  i n  1858 (and . i n d e p e n d e n t l y ,  by 

D i r i c h l e t )  t o  t h e  case .of hydromagnet ic  f l o w ,  p r o b a b l y  occiiretl 

a t  aboi i t  t h a t  t i m e ,  f o r  Wal& i n  h i s  work on s o l a r  magnetism 

(1946, eq .  12) r e f e r s  t o  i t  as " w e 1 1  known". The fi indamental  

v o r t i c i t y  eq i ia t ion  of  Cauchy (1815) was s i m i l a r l y  t r a n s l a t e d  

i n t o  hydromagnet ic  terms by L u n d q u i s t  and Cowling (Liindqilist  

1951, 1952) and many o f  t h e  r e m a i n i n g  d e t a i l s  o f  t h e  a n a l o g y  

were worked oii t  be M a i m b e r g e r  ( 1464). i n  the p r e s e n t  work , 

hydromagnet ic  e q u a t i o n s  which o r i g i n a t e d  i n  t h e  s t u d y  of v o r t i c i t y  

w i l l  be  r e f e r r e d  t o  by t h e i r  o r i g i n a l  names. 

The e x t e n s i o n  o f  t h e  theorem o f  c o n s e r v a t i o n  of 

The t h e o r y  d e s c r i b e d  h e r e  d e a l s  w i t h  h i g h l y  c o n d u c t i n g  

f l u i d s ;  m o s t  of  i t s  a p p l i c a t i o n s ,  however ,  are t o  p lasmas .  I n  

o r d e r  t o  j u s t i f y  t h e  e x t e n s i o n  of (1 -2 )  t o  p l a s m a s ,  two e x t r e m e  

s i t u a t i o n s  w i l l  be c o n s i d e r e d .  I f  t h e  plasma i s  d e n s e  and 

dominated  by c o l l i s i o n s ,  f l u i d  e q u a t i o n s  may be d e r i v e d .  Ohm# s 

l a w  i s  t h e n  c o n s i d e r a b l y  more i n v o l v e d  t h a n  11-4) ( S p i t z e r ,  1962 

e q .  2 -21 ) ,  biit w i t h  a p p r o p r i a t e  a p p r o x i m a t i o n s  o n l y  t h e  p r e s s l i r e  

Ppi ( s i i t i s c r i p t  i f o r  i o n s )  and t h e  g r a v i t a t i o n a l  f i e l t i  t~ have t o  
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be  t a k e n  i n t o  a c c o u n t  ( S p i t z e r ,  1962). 

I f  t h e  e l e c t r o n  d e n s i t y  n i s  a p p r o x i m a t e l y  c o n s t a n t  o r  i f  p 

can be r e g a r d e d  as a f u n c t i o n  o f  i t  a l o n e ,  t h e  a d d i t i o n a l  terms 

d i s a p p e a r  when t h e  c u r l  i s  t a k e n  and (1-2)  i s  o b t a i n e d  as b e f o r e .  

I n  s t r o n g  magnet ic  f i e l d s  0 may be a n i s o t r o p i c ,  brit as l o n g  as 

t h e  c u r r e n t  f l o w s  " e a s i l y "  ( i n  t h e  s e n s e  of  e q .  4-3) i n  any 

g i v e n  d i r e c t i o n ,  t h e  h i g h - c o n d u c t i v i t y  a p p r o x i m a t i o n  can  be 

e x p e c t e d  t o  h o l d .  

e i 

A t  t h e  o t h e r  ex t reme one f i n d s  t h e  " g u i d i n g  c e n t e r  f l i i i d "  

i n  which c o l l i s i o n s  are e x t r e m e l y  rare. I t  may be  shown, 

however ( P a r k e r ,  1957a; Thompson, 1962,  c h .  8 ,  $7) t h a t  i f  t h e  

magnet ic  f i e l d  i s  s i i f f i c i e n t l y  s t r o n g  t o  m a i n t a i n  t h e  g u i d i n g  

c e n t e r  a p p r o x i m a t i o n ,  t h e  e l e c t r i c  f i e l d  of e q .  (1-3) v a n i s h e s  

i n  t h i s  case t o  lowest o r d e r  i n  t h e  r a t i o  between t h e  g y r a t i o n  

t i m e  and t h e  t i m e  scale o f  t h e  macroscopic  mot ions .  The b a s i c  

e q u a t i o n  (1-2)  t h e n  f o l l o w s ,  so t h a t  t h e  g i i id ing  c e n t e r  f l u i d  may 

be  r e g a r d e d  as a n e a r l y  p e r f e c t  condrictor  i n  t h i s  c o n n e c t i o n .  I t  

should  be added ,  a l s o ,  t h a t  t h e  s l i p p a g e  of l i n e s  of f o r c e  i n  a 

d e n s e  plasma due t o  f i n i t e  c o n d i i c t i v i t y  i s  milch more r e a d i l y  

a n a l y z e d  t h a n  t h a t  occr i r r ing  n e a r  t h e  f r i n g e s  of t h e  m a g n e t i c  

f i e l d  i n  a g u i d i n g - c e n t e r  p lasma,  i n  a r e g i o n  where t h e  gr i iding 

c e n t e r  approximat ion  becomes i n a c c i i r a t e .  

The mot ions  d i s c u s s e d  h e r e  w i l l  be r e l a t i v e l y  s low o n e s .  

N o n r e l a t i v i s t i c  t r a n s f o r m a t i o n s  (e  .g .  e q u a t i o n  1-3) w i l l  be rised,  

- 4 -  
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t h e  d i s p l a c e m e n t  c i l r r e n t  w i l l  a l w a y s  b e  n e g l e c t e d  and wave 

phenomena w i l l  n o t  be i n c l u d e d .  

(2 )  E i i l e r  P o t e n t i a l s  

The m a g n e t i c  f i e l d  i s  s o l e n o i d a l  and t h e r e f o r e  can  be 

r e p r e s e n t e d  by t w o  scalars. T h i s  r e p r e s e n t a t i o n  may be  a c h i e v e d  

i n  s e v e r a l  ways; l o r  stiidyirig m a g n e t i c  l i n e s  o f  f o r c e  i t  i s  

advantageoi i s  t o  i n t r o d i l c e  E r i l e r  p o t e n t i a l s  (E i i l e r  , 1779, $26, 

$49; Tri iesde l l ,  1954, $13) i is i ia l ly  d e n o t e d  by a and P ,  w i t h  t h e  

p r o p e r t y  

- B = WG x vp = v x ( a V 3 )  (2 -1 )  

By t h i s  d e f i n i t i o n  i s  t a n g e n t  t o  e a c h  of  t h e  f a m i l i e s  of sr7rfaces  

a c o n s t a n t  and @ = c o n s t a n t .  The l i n e  of  i n t e r s e c t i o n  of a n y  

two siich s i i r f a c e s  t h e r e f o r e  d e f i n e s  a l i n e  of  f o r c e  c h a r a c t e r i z e d  

by t h e  a s s o c i a t e d  v a l i i e s  of (1 and B .  O t h e r  commonly iisetl methods 

of  r e p r e s e n t i n g  a f f o r d  n o  s u c h  d i r e c t  way of e v a l u a t i n g  l i n e s  

of  f o r c e ,  

The u s e  of E i i l e r  p o t e n t i a l s  a l s o  f a c i l i t a t e s  t h e  i n t r o d i i c t i o n  

of t i i bes  of  f l i i x .  Cons ider  a f l i i x  t i ibe w i t h  a rhomboidal  c r o s s  

s e c t i o n ,  d e f i n e d  by t h e  4 l i n e s  of  f o r c e  (a, p )  , (n -c d a y  6) , 

( a ,  p + dB) and ( a  + d a y  B .I- c lp ) .  

e v a l u a t e d  i n  any p l a n e  normal t o  E, i s  

The f l i i x  e n c l o s e d  by t h e  t i i be ,  

On two s i d e s  of t h e  rhomboid B i s  c o n s t a n t  and n o  c o n t r i b i l t i o n  

t o  t h e  i n t e g r a l  a r i s e s ,  whi le  t h e  two r e m a i n i n g  o n e s  c o n t r i b u t e  
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( a  + da)de  and - ( a d p ) .  Thiis 

If a and e are supplemented by a t h i r d  s p a t i a l  c o o r d i n a t e  y, 

the f l u x  throl igh an area S on a s i i r f a c e  y = c o n s t a n t  i s  t h e n  

I n  s t a t i c  f i e l d s ,  t h e  m a g n e t o s t a t i c  p o t e n t i a l  may be 

chosen  as y. It  shoiild be n o t e d  however ,  t h a t  i n  g e n e r a l  i t  

i s  n o t  p o s s i b l e  t o  s t i p u l a t e  t h a t  y v a r i e s  o n l y  a l o n g  t h e  l i n e  

of f o r c e ,  i . e .  t h a t  Vy i s  normal  t o  V a  and Vg. Such a s t i p i i l a t i o n  

i m p l i e s  = EVY some scalar f u n c t i o n  of  p o s i t i o n ) ,  from which 

- B (v x l3) I 0 ,  a c o n d i t i o n  which i s  n o t  i n  g e n e r a l  m e t .  

The E u l e r  p o t e n t i a l s  a and B e a c h  s a t i s f y  t h e  f i r s t  o r d e r  

p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  

and t h e  p o s s i b i l i t y  of e x p r e s s i n g  E by them may be proved ( e . g .  

P h i l l i p s ,  1933; 920) by u s i n g  t h e  e x i s t e n c e  p r o o f s  f o r  s o l u t i o n s  

of t h i s  e q u a t i o n .  The p o t e n t i a l s  are n o t  u n i q u e l y  d e f i n e d ,  

however: any independent  p a i r  of s o l u t i o n s  t o  ( 2 - 6 )  l e a d s  t o  

some c h o i c e  of  0 and 8 .  Given a p a i r  o f  siich p o t e n t i a l s ,  an 

a l t e r n a t e  c h o i c e  ( e . g .  Ray, 1963) i s  h ( a ,  8 )  and g ( a ,  9) , p r o v i d e d  

c 
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E u l e r  p o t e n t i a l s  have two major  d i s a d v a n t a g e s .  F i r s t  o f  

a l l ,  t h e  r e p r e s e n t a t i o n  i s  n o t  l i n e a r  and t h e r e f o r e  t h e  s l l pe r -  

p o s i t i o n  of E u l e r  p o t e n t i a l s  due  t o  s e v e r a l  soilrces i s  n o t  i n  

g e n e r a l  v a l i d .  A s  a r e s u l t ,  i t  i s  n o t  p o s s i b l e  t o  d e r i v e  t h e  

f i i n c t i o n s  a and B a n a l y t i c a l l y ,  e x c e p t  i n  some s i m p l e  f i e l d  

c o n f i g u r a t i o n s .  On2 suchcase  i s  p r o v i d e d  by ax i symmet r i c  p o l o i d a l  

f i e l d s ,  such  as t h a t  o f  a m a g n e t i c  d i p o l e .  

- A may t h e n  be t a k e n  i n  the  a z i m u t h a l  d i r e c t i o n ,  l e a d i n g  to t h e  

c h o i c e  

The v e c t o r  p o t e n t i a l  

( 2 - 8 )  

I n  f l u i d  dynamics eq. (2-8) i s  o f t e n  used  t o  d e s c r i b e  an 

axisymmetri .c f l u i d  v e l o c i t y  f i e l d ,  w i t h  ( - a )  c a l l e d  t h e  S t o k e s  

stream f u n c t i o n  (Milne-Thomson 1960, Chapt.  15;  O ' B r i e n ,  1963) 

S u p e r p o s i t i o n  of p o t e n t i a l s  e x i s t s  i n  t h i s  c a s e ,  a l l  o f  them 

s h a r i n g  t h e  same B .  Another case f o r  which a can be d e r i v e d  

a n a l y t i c a l l y  (and siiperposed) i s  p r o v i d e d  by p u r e l y  t o r o i d a l  f i e l d s  

S t i l l  a n o t h e r  i s  t h a t  of a two-dimens iona l  f i e l d ,  where 

r i e i t h e r  depends  on z n o r  h a s  a component i n  i t s  d i r e c t i o n .  One 

may t h e n  choose  

B = 0 x A i  = VA (x,y) x VZ z - - 
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The second and more s e r i o u s  d i s a d v a n t a g e  of Euler p o t e n t i a l s  

i s  t h a t  i n  most m a g n e t i c  f i e l d s  l i n e s  o f  f o r c e  are n o t  c l o s e d  and 

t h e r e f o r e  a t t a i n  i n f i n i t e  l e n g t h  i n  a bounded r e g i o n  of  s p a c e .  

Cons ider  (McDonald, 1954) a c u r r e n t - b e a r i n g  c i r c l e  r = R i n  

t h e  z = 0 p l a n e  o f  a c y l i n d r i c a l  c o o r d i n a t e  system. Because of  

a x i a l  symmetry, t h e  0 s i i r f a c e s  are t o r o i d a l  r i n g s  and t h e  B sur- 

faces m e r i d i o n a l  p l a n e s  i n  which t h e  l i n e s  o f  f o r c e ,  which are 

c l o s e d , l i e .  Now l e t  a c i i r r e n t  f i l a m e n t  be added a l o n g  t h e  z a x i s ,  

g i v i n g  t h e  l i n e s  of f o r c e  a s l a n t  and th i i s  t r a n s f o r m i n g  them i n t o  

h e l i c e s .  I t  may be shown t h a t  t h e  a d e r i v e d  wi thoi i t  t h e  c i i r r e n t  

f i l a m e n t  may s t i l l  be i ised;  however,  a B s i i r f a c e  now r e s e m b l e s  

a n  archimedean screw w i t h  i t s  a x i s  t w i s t e d  around t h e  c i r c l e  and 

i t s  e n d s ,  i n  g e n e r a l ,  n o t  m e e t i n g .  Except  f o r  t h o s e  cases i n  

which a l i n e  of f o r c e  r e t u r n s  i n t o  i t s e l f  a f t e r  a f i n i t e  l e n g t h  

( t h e r e  i s  an i n f i n i t e  number of such  cases ,  b u t  of  measiire z e r o ) ,  

a l i n e  of f o r c e  w i l l  r a n g e  a l l  o v e r  i t s  a - s u r f a c e ,  w i t h  d i f f e r e n t  

s e c t i o n s  coming a r b i t r a r i l y  c l o s e  t o  e a c h  o t h e r  biit n e v e r  m e e t i n g .  

Given a p o i n t  on t h e  a - s i i r f a c e  i t  i s  p o s s i b l e  t o  c o n s t r i i c t  a 

B-siirface t h r o u g h  i t .  T h i s  s u r f a c e ,  however,  i f  cont in i ied  f o r  a 

s u f f i c i e n t  l e n g t h ,  w i l l  f i l l  a r e g i o n  i n  space  and approach  

a r b i t r a r i l y  close t o  any  g i v e n  p o i n t  i n  i t .  I t  i s  then  i m p o s s i b l e  

t o  c o n s t r u c t  a f a m i l y  of  B - s u r f a c e s  c o n t i n u o u s l y  dependent on a 

parameter .  The c h a r a c t e r i z a t i o n  of l i n e s  of f o r c e  by families of 

E u l e r  p o t e n t i a l s  i s  t h e r e f o r e  n o t  f e a s i b l e  when such  l i n e s  are 

bounded biit o f  i n f i n i t e  l e n g t h .  

The d i f f i c i i l t y  may be l i f t e d  by i n t r o d u c i n g  a s i i r f a c e  of 
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d i s c o n t i n i i i t y  which  a r t i f i c i a l l y  t e r m i n a t e s  t h e  (a, B )  l i n e s  

(Dungey, 1958; $301)0 I n  che  example g i v e n  t h e  p a r t  of t h e  

p l a n e  z 0 w i t h  r l R  may be chosen  as such  a s i i r f a c e ,  w i t h  

e a c h  p a i r  of p a r a m e t e r s  ( a 9  p )  d e f i n i n g  a segment o f  a l i n e  of 

f o r c e  from t h e  p o i n t  where i t  l e a v e s  t h e  t o p  of t h e  p l a n e  t o  

where i t  r e a c h e s  t h e  bot tom,  One may s t i l l  c o n s i d e r  i n f i n i t e l y  

l o n g  l i n e s  of f o r c e  b u t  such a l i n e  i s  t h e n  c h a r a c t e r i z e d  by an 

i n f i n i t e  number of v a l u e s ,  w i t h  B chang ing  e v e r y  t i m e  t h e  l i n e  

c r o s s e s  t h e  s u r f a c e  of d i s c o n t i n i i i t y .  

( 3 )  Kinemat i c s  of L i n e s  of Force  

The f i r s t  problem a s s o c i a t e d  w i t h  mot ion  of l i n e s  o f  f o r c e  

may be posed  as f o l l o w s .  Given a magne t i c  f i e l d  which changes  

i n  t i m e  i n  a known way, can an a l t e r n a t i v e  d e s c r i p t i o n  o f  t h i s  

t ime-dependence  be made by a s s i g n i n g  a v e l o c i t y  t o  i t s  l i n e s  o f  

f o r c e ?  

I n  c lass ica l  f l u i d  dynamics ,  t h e  ra te  o f  change  i n  some 

q u a n t i t y  A ,  as o b s e r v e d  by a p a r t i c l e  moving w i t h  t h e  f l u i d ' s  

v e l o c i t y  u 9  i s  i t s  'hater ia l  d e r i v a t i v e "  

I f  A i s  c o n v e c t e d  wi th  t h e  f l o w ,  t h e  material d e r i v a t i v e  

v a n i s h e s ,  I t  t h e r e f o r e  seems r e a s o n a b l e  t o  c a l l  11 t h e  v e l o c i t y  

o f  t h e  l i n e s  o f  f o r c e  i f  i t  s a t i s f i e s  
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A v e l o c i t y  s a t i s f y i n g  t h e  p r e c e d i n g  c o n d i t i o n  can  a l w a y s  

be found ( N o r t h r o p ,  1963), namely 

'- 

as  may be v e r i f i e d  by s u b s t i t i i t i o n .  T h i s  s o l u t i o n  i s  n o t  

iiniqiie: any v e l o c i t y  p a r a l l e l  t o  may be added t o  i t  wi thol l t  

changing  t h e  v a l i d i t y  of ( 3 - 2 ) ,  s i n c e  - B i s  normal  t o  b o t h  Vu and 

OB. Because t h e  component of  u p a r a l l e l  t o  i s  a r b i t r a r y ,  i t  

i s  customary t o  set  i t  e q u a l  t o  z e r o ;  when d i s c i i s s i n g  t h e  v e l o c i t y  

o f  a l i n e  of f o r c e ,  t h e n ,  o n l y  t h e  component normal  t o  i s  

i m p l i e d .  

T h i s  d e f i n i t i o n  ( 3 - 2 )  f o r  t h e  v e l o c i t y  of t h e  l i n e s  of f o r c e  

i s  n o t  e n t i r e l y  s a t i s f a c t o r y :  t h e  E i i l e r  p o t e n t i a l s  are n o t  

d i r e c t l y  o b s e r v a b l e  and i t  i s  n o t  a - p r i o r i  c e r t a i n  t h a t  e q u a t i o n s  

(3-2)  have t o  be s a t i s f i e d .  

many e q i i i v a l e n t  c h o i c e s  of a and B d e s c r i b i n g  t h e  same E, one may 

a l w a y s  add t o  t h e  v e l o c i t y  s a t i s f y i n g  (3-2) a n o t h e r  v e l o c i t y  

which d e s c r i b e s  a t ime-dependent  t r a n s f o r m a t i o n  of Ei i le r  p o t e n t i a l s ,  

withoi i t  a l t e r i n g  t h e  p h y s i c a l  p i c t i i r e .  Such a v e l o c i t y  w i l l  be 

termed a " r e l a b e l i n g  v e l o c i t y " .  For  i n s t a n c e ,  i n  an ax isymmetr ic  

f i e l d  one can add any ( n o t  n e c e s s a r i l y  s t e a d y )  a n g u l a r  v e l o c i t y  

aroiind t h e  symmetry a x i s ,  f o r  such  a v e l o c i t y  mere ly  r e l a b e l s  t h e  

l i n e s  and h a s  no  o b s e r v a b l e  e f f e c t .  

I n d e e d ,  s i n c e  a t  any t i m e  t h e r e  e x i s t  

Fol lowing  Newcomb (1958) w e  t h e r e f o r e  broaden t h e  d e f i n i t i o n  

and r e g a r d  as a " v e l o c i t y  of l i n e s  of f o r c e "  any v e l o c i t y  1 
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s a t i s f y i n g  e q ,  (1-2) 

I aE - - v  x (1 x E) = 0 
a t  

It  may be v e r i f i e d  t h a t  o f  e q .  (3-3) i s  one o f  t h e  s o l u t i o n s .  

Newcomb showed t h a t  by t h i s  d e f i n i t i o n  a l l  " v e r i f i a b l e  con-  

sequences"  which are  t i s u a l l y  a s s o c i a t e d  w i t h  t h e  c o n c e p t  of  the 

motion of l i n e s  of f o r c e  are s a t i s f i e d ;  t h e  two most  i m p o r t a n t  

of t h e s e  consequences  namely l i n e  p r e s e r v a t i o n  and f l u x  p r e -  

s e r v a t i o n  s w i l l  be  d i s c u s s e d  s e p a r a t e l y  i n  S e c t i o n  4. 

The most g e n e r a l  s o l u t i o n  of (1-2)  w i l l  be  t h e  sum of t h e  

p a r t i c i r l a r  s o l i l t i o n  (3-3)  and t h e  g e n e r a l  s o l u t i o n  w of - 

V X ( W _ X B ) = O  (3-4)  

I f  one  s p e c i f i e s ,  as b e f o r e ,  (z " E) = 0 ,  t h i s  g e n e r a l  s o l u t i o n  

h a s  t h e  form 

where $ (a, 8 )  i s  a scalar c o n s e r v e d  a l o n g  a l i n e  of f o r c e  

S i n c e  f o r  any " r e l a b e l i n g  v e l o c i t y "  which e x p r e s s e s  no v a r i a t i o n  

i n  t h e  f i e l d ,  e q u a t i o n  ( I  2)  r e d u c e s  t o  ( ? 1 - 4 ) ~  i t  i s  clear t h a t  

such  a v e l o c i t y  w i l l  have t h e  form (3-5) .  

( 4 )  The Motion of P e r f e c t l y  Conduct ing  F l t i i d s  

I n  a c o n d u c t i n g  f l u i d  t h e  p r e s e n c e  o f  a n  e l e c t r i c  f i e l d  

causes c u r r e n t  t o  f l o w ,  I f  t h e  f l u i d  i s  moving, t h e  r e l e v a n t  

c . lcctr ic  f i e l d  i s  t h e  one t a k e n  i n  a frame of r e f e r e n c e  moviny 
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w i t h  t h e  f l u i d ;  t o  f i r s t  o r d e r  t h i s  f i e l d  i s  g i v e n  by 

EX - = E + (1 x F3) 

I n  the  s i m p l e s t  case t h e  r e l a t i o n  between gjf and 

e q .  (1-3) 

he c i i r r e n  

d e n s i t y  j j t  i n  t h e  moving frame f o l l o w s  Ohm's l a w  and i s  l i n e a r  

and i s o t r o p i c  as i n  (1-4) 

- 

F o r  i o n i z e d  g a s e s  i n  a m a g n e t i c  f i e l d  t h e  r e l a t i o n  may be 

a n i s o t r o p i c  ( t h e  c o n d i i c t i v i t y  CT i s  a t e n s o r )  o r  even  n o n l i n e a r ,  

b u t  i n  g e n e r a l  and E+$ i n c r e a s e  t o g e t h e r .  F o r  s i m p l i c i t y ,  

a s i m p l e  ohmic r e l a t i o n s h i p  w i t h  scalar Q w i l l  be assumed h e r e ,  

as  w e l l  as t h o s e  a p p r o x i m a t i o n s  v a l i d  when v 4 c.  By M a x w e l l ' s  

equ a t  i on s 

ag 1 - - 0  x ( v  x E) = 0 x- (0 x E3) a t  POU 

o r ,  i f  0 i s  c o n s t a n t  everywhere 

The case of i n t e r e s t  h e r e  occiirs when Q i s  v e r y  l a r g e ,  so t h a t  

t h e  t e r m  i n v o l v i n g  i t  may be n e g l e c t e d  and (4-1) r e d u c e s  

(1-2) .  A rough b u t  u s e f i l l  c r i t e r i o n  t o  i n d i c a t e  when such an 

o m i s s i o n  i s  p e r m i s s i b l e  i s  f u r n i s h e d  by t h e  magnet ic  Reynolds  

number (Elsasser 1955, 1956, 1957). I f  L i s  a t y p i c a l  dimension 

o v e r  which 

t o  

v a r i e s  and V i s  a t y p i c a l  v e l o c i t y ,  t h e  r e l a t i v e  
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magni tude  o f  t h e  terms i n  ( 4 - 3 )  may be e s t i m a t e d  by r e p l a c i n g  

0 w i t h  L ' '  and by V; v e c t o r  c h a r a c t e r  i s  n e g l e c t e d  i n  t h i s  

cr i ide approach., I t  then  f o l l o w s  t h a t  t h e  r i g h t  hand t e r m  

i s  n e g l i g i b l e  o n l y  i f  t he  d i m e n s i o n l e s s  "magnet ic  Reynolds  

niimber" 

R = pOoLV m ( 4-3 ) 

i s  milch l a r g e r  t h a n  u n i t y .  I t  i s  i m p o r t a n t  t o  n o t e  t h a t  

i n c r e a s i n g  t h e  s c a l e  o f  t h e  f low i n c r e a s e s  R 0 t h i s  i s  why 

c o n d i t i o n s  of " p e r f e c t  condi ic t ion" occiir  milch more r e a d i l y  on 

a s t r o p h y s i c a l  and g e o p h y s i c a l  s c a l e s  t han  i n  t h e  l a b o r a t o r y  

m '  

The d i s c u s s i n n  i n  t h i s  work w i l l  be m a i n l y  conce rned  w i t h  

t h e  l i m i t i n g  c a s e  R m e 9  f o r  i t  i s  t h e n  t h a t  t h e  f l u i d  v e l o c i t y  

s a t i s f i e s  t h e  c r i t e r i o n  ( 1 - 2 )  f o r  t h e  v e l o c i t y  of t h e  l i n e s  of 

f o r c e ,  I n  o r d i n a r y  hydrodynamics ,  f l o w s  w i t h  l a r g e  Reyno lds  

nilmbers are i i n s t a b l e  and t e n d  t o  break up i n t o  t u r b i i i e n t  e d d i e s ,  

While tuirbii lence may a l s o  occiir  i n  t h e  f l o w  of c o n d u c t i n g  f l u i d s  

and of p l a smas ,  sirch behav io r  w i l l  n o t  b e  c o n s i d e r e d  h e r e  s i n c e  

r e l a t i v e l y  l i t t l e  has been e s t a b l i s h e d  a b o u t  t h i s  s i i b j e c t  t o  

d a t e  (see B a t c h e l o r  1950) 

The most i m p o r t a n t  p r o p e r t i e s  o f  f o l l o w i n g  e q ,  ( 1 - 2 )  are 

f liix p r e s e r v a t i o n  and l i n e  p r e s e r v a t i o n ,  

A f l o w  - v i s  s a i d  t o  b e  f l u x  p r e s e r v i n g  f o r  a v e c t o r  f i e l d  

Q i f  t h e  f l i i x  o f  Q th rough a s u r f a c e  d e f i n e d  by a c l o s e d  f i l a m e n t  

o f  f l i i i d  p a r t i c l e s  i s  c o n s e r v e d ,  I t  w i l l  now be shown t h a t  f o r  a 
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g i v e n  magnet ic  f i e l d  5 a f l o w  1 i s  f l u x  p r e s e r v i n g  i f  (1-2)  

i s  sat isf ied.  

L e t  a f l i i i d  f i l a m e n t  i n i t i a l l y  f o l l o w i n g  t h e  c l o s e d  conto i i r  

S be  given and l e t  @ be t h e  i n i t i a l  f l u x  o f  throi igh i t .  A 

s h o r t  i n t e r v a l  d t  l a t e r ,  e a c h  e l e m e n t  of  t h e  conto i i r  w i l l  

have been d i s p l a c e d  by an amount 1 d t ,  sweeping i n  t h e  p r o c e s s  

an area (1 x dJ,) d t  (F ig i i re  1) .  I n  t h i s  t i m e  i n t e r v a l ,  Q c h a n g e s  

by an amoiint d Q ,  a s c r i b a b l e  t o  two cailses. The t i m e  v a r i a t i o n  

o f  t h e  f i e l d  c o n t r i b i i t e s  t h e  s t i r f a c e  i n t e r g r a l  

[ 5 . dA d t  ( 4- 4 )  

w h i l e  t h e  v a r i a t i o n  of  t h e  area boiinded by t h e  f i l a m e n t  a d d s  

t h e  f l u x  t h r o u g h  t h e  area swept by i t  ( f i g u r e  l), e q u a l i n g  

Thu s 

d @  = 

and h i s  v a n i s h e s  i f  (1-2)  

x d& d t  ( 4 - 6 )  

iolds .  Because t h e  conto i i r  i s  

a r b i t r a r y ,  (1-2) i s  n o t  o n l y  s u f f i c i e n t  b u t  a l so  n e c e s s a r y  f o r  

f l u x  p r e s e r v a t i o n .  For  a n o n s o l e n o i d a l  v e c t o r  f i e l d  Q t k e  

c o n d i t i o n  f o r  f l u x  p r e s e r v a t i o n  becomes 
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A motion i s  c a l l e d  l i n e  p r e s e r v i n g  i f  two f l u i d  p a r t i c l e s  

i n i t i a l l y  connec ted  by a l i n e  o f  f o r c e  con t in i i e  t o  be SO 

t h r o u g h o u t  t h e i r  motion a A f l ux -p rese rv inF :  mot ion  i s  a lways  
l i n e  p r e s e r v i n g  by t h e  f o l l o w i n g  
argiiment ( f o r  an a l t e r n a t i v e  d e r i v a t i o r i ,  s e e  Newcomb, 1958) jl 

Cons ide r  a s h e e t  ABCD of f l i i i d  p a r t i c l e s  which forms p a r t  

o f  a magne t i c  f l i i x  tribe (F ig l i r e  2)  w i t h  p o i n t s  A and B chosen  

so as  t o  l i e ,  a t  some i n i t i a l  i n s t a n t ,  on t h e  same l i n e  o f  f o r c e .  

The magne t i c  f l i i x  throiigh t h e  s h e e t  and  t h r o u g h  any c l o s e d  contorvr 

on i t  t h e n  v a n i s h e s ,  and by f l u x  p r e s e r v a t i o n  t h i s  p r o p e r t y  i s  

m a i n t a i n e d  as t i m e  p r o g r e s s e s .  The s h e e t  w i l l  t h e r e f o r e  a lways  

be p a r t  of a f l i i x  t u b e .  

The same argiiments ho ld  f o r  a s h e e t  ABC'D'on a n o t h e r  f l r i x  

t i ibe which i n i t i a l l y  i n t e r s e c t s  t h e  f i r s t  one a l o n g  t h e  f i e l d  

l i n e  AB. A s  t i m e  p a s s e s ,  A and B w i l l  c o n t i n t i e  t o  be long  t o  

b o t h  f l u x  t u b e s  and t h e r e f o r e  l i e  on t h e i r  i n t e r s e c t i o n ,  which 

d e f i n e s  a l i n e  o f  f o r c e ,  S i n c e  t h e  c h o i c e  of A and B i s  i n  n o  

o t h e r  way restricted, t h e  mot ion  i s  line p r e s e r v i i i g  

The c o n d i t i o n  f o r  l i n e  p r e s e r v a t i o n  i s  less s t r i c t  t h a n  t h a t  

f o r  f l u x  p r e s e r v a t i o n ,  By t h e  Helmhol tz -Zorawski  c r i t e r i o n  

( Z o r a w s k i ,  1900; f o r  f u r t h e r  r e f e r e n c e s  see T r i i e s d e l l ,  1954; 

T r u e s d e l l  and Toiipin 1960; a l s o  Newcomb, 1958 , eq 85) a n e c -  

e s s a r y  and s u f f i c i e n t  c o n d i t i o n  f o r  l i n e  p r e s e r v a t i o n  i s  

The above  d e m o n s t r a t e s  that  f l u x  p r e s e r v a t i o n  i s  n o t  n e c e s s a r y  



f o r  l i n e  p r e s e r v a t i o n ;  f o r  i n s t a n c e ,  motion i n  a f o r c e - f r e e  

f i e l d  w i t h  f i n i t e ,  c o n s t a n t  r e s i s t i v i t y  i s  l i n e  p r e s e r v i n g  b u t  

n o t  f l u x  p r e s e r v i n g .  The f o l l o w i n g  proof  i s  dlle t o  Prim and 

T r u e s d e l l  (1950). L e t  t h e  e q u a t i o n  o f  an open f l t l i d  f i l a m e n t  

a t  t i m e  t ,  g i v e n  i n  terms of  some p a r a m e t e r  s ( e . g .  t h e  arc 

d i s t a n c e  from a g i v e n  p a r t i c l e  i n  t h e  f i l a m e n t )  be  

- x = 5 ( s ,  t )  (4-9) 

Then d z l d s  i s  t a n g e n t  t o  t h e  f i l a m e n t  and t h e  c o n d i t i o n  

f o r  l i n e  p r e s e r v a t i o n  i s  t h a t  i f  i n i t i a l l y  

a X x Q , O  
a s  

(4-10) 

so t h a t  t h e  f i l a m e n t  i s  a l i g n e d  w i t h  a f i e l d  l i n e  of  Q ,  t h e n  

t h i s  c o n d i t i o n  i s  m e t  a t  a l l  t i m e s .  The t i m e  v a r i a t i o n  of  t h e  

q u a n t i t y  t inder c o n s i d e r a t i o n  i s  

Now (4-10) i s  e q t i i v a l e n t  t o  

az 
a s  
- -  - A 9  (4-12)  

I f  (4-8) h o l d s  and (4-10) i s  i n i t i a l l y  g i v e n ,  one g e t s  f o r  t h e  

i n i t i a l  v a r i a t i o n  of t h e  e x p r e s s i o n  on t h e  l e f t  of (4-10)  
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and t h e r e f o r e  (4-10) h o l d s  f o r  l a t e r  times as w e l l .  

( 5 )  Caiichy'Os I n t e g r a l  

E q u a t i o n  (1-2)  f o r  t h e  mot ion  of a p e r f e c t l y  cond i i c t i rg  

f l i i i d  i n v o l v e s  b o t h  and - v ,  F o r  t h o s e  cases i n  which b o t h  

q u a n t i t i e s  have  t o  b e  d e r i v e d  t h e o r e t i c a l l y  a n o t h e r  e q u a t i o n  

i n v o l v i n g  b o t h  i s  r e q u i r e d ,  as w e l l  as a set  of a p p r o p r i a t e  

boundary c o n d i t i o n s .  The a d d i t i o n a l  eq l l a t ion  i s  t h e  hydro -  

m a g n e t i c  g e n e r a l i z a t i o n  of t h e  N a v i e r - S t o k e s  f o r m u l a  and t h e  

s o l u t i o n  o f  t h e  combined s e t ,  even  i n  s imple  c a s e s s  i s  a f o r . ,  

midab le  t a s k ,  

I n  p r a c t i c e  however may of t e n  be o b t a i n e d  s e p a r a t e l y  

as  f o r  example ,  when i t  may be deduced  from o b s e r v a t i o n s  ( e . g .  

t h e  d i f f e r e n t i a l  r o t a t i o n  of t h e  siln) o r  when magne t i c  f o r c e s  

are n e g l i g i b l e  i n  comparison w i t h  o t h e r s  a c t i n g  on t h e  f l i i i d ,  i n  

which case t h e  hydromagnet ic  e q u a t i o n  may be s e p a r a t e l y  s o l v e d  

f o r  1. I n  such  cases one  may r e g a r d  i n  e q .  ( 1 - 2 )  as g i v e n  

and seek a s o l u t i o n  f o r  E. 

A s  was n o t e d  b e f o r e ,  eq ,  ( 1 - 2 )  w a s  f i r s t  s t i i d i e d  w i t h  Q 

r e p l a c i n g  E, i n  which c a s e  i t  d e s c r i b e s  t h e  deve lopment  of 

v o r t i c i t y  i n  an i d e a l  f l u i d .  I t  was i n  t h i s  c o n t e x t  t h a t  i t s  

g e n e r a l  s o l u t i o n  was ach ieved  by Cauchy (1815) who t r a n s f o r m e d  
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t h e  f l u x - c o n s e r v a t i o n  of  i n t o  t h e  material c o n s e r v a t i o n  of  a 

r e l a t e d  q u a n t i t y .  

E q u a t i o n  (1 -2 )  may be r e w r i t t e n  

S i i b s t i t i i t i n g  t h e  e q u a t i o n  of c o n t i n i i i t y  

%2 + p ( v  1) = 0 d t  

g i v e s ,  a f t e r  s e v e r a l  s t e p s  

(5-1)  

(5-2)  

which i s  known (when B i s  r e p l a c e d  by as H e l m h o l t z ' s  

e q u a t i o n .  I t s  form s u g g e s t s  a s e a r c h  f o r  an i n t e g r a t i n g  

f a c t o r  c ( o f  y e t  undetermined  t e n s o r i a l  c h a r a c t e r )  redi ic ing 

t h e  e q u a t i o n  t o  t h e  form 

which immediately i n t e g r a t e s  t o  

B 
P 

I n  o r d e r  

c o o r d i n a t e s  

t h e i r  lyse i s  

(5-5)  

t o  e x p r e s s  t h e  i n t e g r a t i n g  f a c t o r ,  material 

some times c a l l e d  Lagrangian  c o o r d i n a t e s  , thorlgh 

due  t o  E u l e r ;  see T r u e s d e l l  1954, f o o t n o t e  i n  $1.4) 

. 
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have  t o  be i n t r o d i i c e d .  I t s  derivation below f o l l o w s  Elsasser 

( i956) ;  some o t h e r  d e r i v a t i o n s  may be found i n  t h e  works  c f  

Brand (194'7; 9123) Lamb (1879; Ej146), G o l d s t e i n  (1960; 

94.2,  4 0 3 )  T r u e s d e l l  (1954) and T r u e s d e l l  and Toiipin (1960) 

Most of  t h e s e  d e s c r i b e  t h e  development  of  f l u i d  v o r t i c i t y ;  t h e  

f i r s t  a p p l i c a t i o n  t o  magnet ic  f i e l d s  i n  p e r f e c t l y  condl rc t ing  

f l r i i d s  i s  due t o  Liindqiiist and Cowl ing ,  (Lrindqirist 1951 1952)  e 

The material  d e s c r i p t i o n  of E l u i d  f l o w  i n v o l v e s  r e f e r r i n g  

v a r i a b l e s  t o  t h e i r  va l i res  a t  some i n i t i a l  i n s t a n t  t = 0 ;  such  

i n i t i a l  v a l i l e s  w i l l  be d i s t i n g u i s h e d  by s i i p e r s c r i p t  ( 0 )  Con- 

s i d e r  an a r b i t r a r y  f l u i d  p a r t i c l e ;  i n  an o r t h o g o n a l  C a r t e s i a n  

r e f e r e n c e  f rame i t s  p o s i t i o n  v e c t o r  5 a t  any t i m e  t i s  i lniqi ie ly  

d e t e r m i n e d  by i t s  i n i t i a l  v a l u e  5") and by t 

The J a c o b i a n  J of  t h i s  t r a n s f o r m a t i o n  between &(') and 

asstimed g i v e n )  i s  t h e  r a t i o  

w i t h  t h e  f l r i i d  h a s  changed from i t s  i n i t i a l  v a l i i e ,  and t h e r e f o r e ,  

t h e  r a t i o  between i n i t i a l  and f i n a l  d e n s i t i e s  i n  t h e  p a r t i c l e t s  

v i c i n i t y  

( t  b e i n g  

by which a voliime e l e m e n t  moving 

Conseqi ren t ly ,  as l o n g  as  t h i s  r a t i o  i s  f i n i t e ,  a iiniqrie i n v e r s e  

t r a n s f o r m a t i o n  e x i s t s  



The t w o  t r a n s f o r m a t i o n s  are r e l a t e d ,  f o r  any g i v e n  t ,  by 

(5-9) 

. 
( i n  t h e  l a s t  e q u a t i o n  and i n  t h o s e  f o l l o w i n g  t h e  summation 

c o n v e n t i o n  f o r  r e p e a t e d  i n d i c e s  i s  u s e d ) .  

From t h i s ,  whether  i e q u a l s  1 or  n o t ,  

W r i t i n g  (5-3) i n  component form and s r i b s t i t i i t i n g  (5-10)  g i v e s  

I t  now becomes e v i d e n t  t h a t  the i n t e g r a t i n g  f a c t o r  i s  

i o ) / a x i .  M i l l t i p l y i n g  by i t ,  summing o v e r  i and i i s ing  (5-9) 
a j  

l e a d s  t o  

and s i n c e  

io) 
a j  , 
axi  t-9 6i j 
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(5-12) i n t e g r a t e s  t o  

(5-13) 

U s u a l l y ,  B ( ? )  i s  g i v e n  and B r e q u i r e d ;  u s i n g  e q .  (5-9) then  

g i v e s  Cauchy Os c e l e b r a t e d  i n t e g r a l  (Cauchy, 1815) 
1 i 

(5-14) 

To i n v e s t i g a t e  t h e  form of e q .  (5-14) i n  c u r v i l i n e a r  c o o r d i n a t e s  

w e  a d o p t  t e n s o r  n o t i o n  and i n d i c a t e  c o n t r a v a r i a n t  components  

of  v e c t o r s  by u p p e r  i n d i c e s .  

E q u a t i o n  (5-14) i n  C a r t e s i a n  c o o r d i n a t e s ,  i s  t h e n  w r i t t e n  

(5-15) 

i 

The t r a n s f o r m a t i o n  o f  a x  f a x  ( O ) ’  i s  o b t a i n e d  from t h e  c h a i n  

rii l e  o f  d i f f e r e n t i a t i o n  

L e t  t h i s  be  t ransformed i n t o  c u r v i l i n e a r  c o o r d i n a t e s  y 

i 

w h i l e  Bi and B (01’ t r a n s f o r m  as c o n t r a v a r i a n t  v e c t o r  components ,  

S i i b s t i t u t i n g  i n t o  (5-15) and u s i n g  (51-9)~ which  i s  v a l i d  f o r  t h e  



i 
y 

T h a t  e q u a t i o n  i s  t h e r e f o r e  v a l i d  f o r  a l l  x , r e c t i l i n e a r  and 

c r i r v i l i n e a r .  I n  p a r t i c u l a r ,  i n  o r t h o g o n a l  c i i r v i l i n e a r  

c o o r d i n a t e s  w i t h  scale f a c t o r s  h ( e . g .  Morse & F e s h b a c h ,  1953, 

$1.3) t h e  p r o p e r  components B of ( i . e .  t h o s e  d e f i n e d  i n  

terms o f  r rni t  v e c t o r s )  s a t i s f y  

as w e l l ,  y i e l d s  an e q i i a t i o n  h a v i n g  t h e  same form as (5-15). 
i 

i 

(1) 
. 

R I '  (5-17) 

(summation on j o n l y )  

Caiichy' s i n t e g r a l  i s  f r e q i i e n t l y  w r i t t e n  

w i t h  similar n o t a t i o n  i n  t h e  e q r i a t i o n s  l e a d i n g  t o  i t .  The 

i n v a r i a n c e  of  e q .  (5-15) i inder c o o r d i n a t e  t r a n s f o r m a t i o n  shows, 

however ,  t h a t  O(O)x - d o e s  n o t  t r a n s f o r m  i n  t h e  manner of a 

second o r d e r  t e n s o r  siich as VI LSirch a t r a n s f o r m a t i o n  w a s  

assumed by Elsasser (1956), l e a d i n g  t o  t h e  i n c o r r e c t  e q .  (7.12) 

i n  h i s  work]. S t r i c t l y  s p e a k i n g ,  0 'O)x - i s  a doiible t e n s o r  f i e l d  

(Michal  1927, 1947; T r i i e s d e l l  and Toi ipin,  1960;  E r i c k s e n ,  196O), 

t h e  components of which may depend on t w o  p o i n t s  i n  space  - h e r e  

- x and 5") - and t h e  t r a n s f o r m a t i o n  of which may s imi i l taneoi i s ly  

i n v o l v e  t h e  l o c a l  v e c t o r  b a s e s  a t  b o t h  p o i n t s .  I n  t h e  t r a n s -  

f o r m a t i o n  of v ' o ) ~ ,  f o r  i n s t a n c e ,  

- x t r a n s f o r m s  a t  t h e  p a r t i c l e ' s  g i v e n  l o c a t i o n ;  t h i s  i s  e x p r e s s e d  
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by eq .  ( 5 - 1 6 ) ~  For  a more r i g o r o i i s  and comprehens ive  t r e a t -  

ment of doub le  t e n s o r  f i e l d s  and  t h e i r  a p p l i c a t i o n s  t h e  r e a d e r  

i s  r e f e r r e d  t o  t h e .  works of T r u e s d e l l  and Toiipin (1960) and o f  

E r i c k s e n  (1960) 

Caiichy‘ s i n t e g r a l  may be g e n e r a l i z e d  f o r  f i n i t e  c o n d i i c t i v i t y  

(Mauxsberger ,  1964). L e t  E36 - be t h e  e l e c t r i c  f i e l d  i n  a frame 

moving w i t h  t h e  f l i l i d ,  which t o  f i r s t  o r d e r  i n  v / c  e q u a l s  

Then ( 4 -  1) becomes 

R e t r a c i n g  p r e v i o u s  calcii l a t i o n s ,  one  o b t a i n s  

and w i t h  t h e  same i n t e g r a t i n g  f a c t o r  as b e f o r e  t h i s  g i v e s  

I n t e g r a t i o n  t h e n  restilts i n  



where t h e  i n t e g r a t i o n  e x t e n d s  a long  t h e  track of t h a t  p a r t i c l e  

which h a s  p o s i t i o n  v e c t o r  x a t  t i m e  t .  The J a c o b i a n  J i s  

( o ) X  d e f i n e d  by e q .  (5-7) and may be e x p r e s s e d  i n  terms V - 
(compare T r u e s d e l l  1954, eq .  84-1) , which i s  done i n  Maiersberger ' s  

work. M a w s b e r g e r  a l s o  d e r i v e s  t h e  m a g n e t i c  a n a l o g  o f  E r t e l ' s  

v o r t i c i t y  formii la  and some a p p l i c a t i o n s ;  f o r  more d e t a i l s ,  t h e  

r e a d e r  i s  r e f e r r e d  t o  h i s  a r t i c l e .  

(6)  A p p l i c a t i o n  of C a u c h y ' s  I n t e g r a l  

L e t  dz be t h e  ( t i m e  d e p e n d e n t )  e l e m e n t  of  l e n g t h  occi ipied by 

an i n f i n i t e s i m a l  f l u i d  f i l a m e n t .  I f  a t  t = 0 t h e  f i l a m e n t  i s  

a l i g n e d  w i t h  t h e  magnet ic  f i e l d ,  one may wr i t e  

w i t h  d h  an i n f i n i t e s i m a l  c o n s t a n t .  Using t h e  c h a i n  r u l e  o f  

d i f f e r e n t i a t i o n  on (5-6) and t h e  n o t a t i o n  o f  (5-18) g i v e s ,  f o r  

t > O  

The above i m p l i e s  t h a t  t h e  motion i s  l i n e - p r e s e r v i n g  as  c o u l d ,  

of coiirse) be d i r e c t l y  i n f e r r e d  from (4-8) .  

i n t e g r a l  may be e a s i l y  d e r i v e d  from t h e  l i n e - p r e s e r v a t i o n  and 

f l i l x - p r e s e r v a t i o n  p r o p e r t i e s  of 

( L u n d q u i s t ,  1951, 1952; r e s u l t  i s  e x p r e s s e d  t h e r e  i n  t e r m s  of 

C o n v e r s e l y ,  Cauchy ' s  

which f o l l o w  from ( 1 - 2 )  

E l i m i n a t i n d  d h  between t h e  a b s o l i l t e  va l i ies  of  (6-1) and 

(6-2) y i e l d s  
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from which t h e  i n t u i t i v e  i n t e r p r e t a t i o n  of C a u c h y ' s  i n t e g r a l  

may be summed up i n  t h r e e  s t a t e m e n t s :  

(1) 

( 2 )  

The mot ion  i s  l i n e  p r e s e r v i n g .  

The magne t i c  f i e l d  i n t e n s i t y  i s  a m p l i f i e d  i n  d i r e c t  

p r o p o r t i o n  t o  t h e  s t r e t c h i n g  dx/dx(O)  o f  t h e  f l u i d  

a l o n g  the f i e l d ' s  d i r e c t i o n .  

The magne t i c  f i e l d  i s  a m p l i f i e d  i n  p r o p o r t i o n  t o  t h e  ( 3 )  
bulk  compress ion  p / p  ( 0 )  

Most q u a l i t a t i v e  d i s c u s s i o n s  of phenomena i n v o l v i n g  mot ion  

o f  l i n e s  of f o r c e  are based on one  o r  more of t h e  f o r e g o i n g .  

Cons ide r  t h e  d i f f e r e n t i a l  r o t a t i o n  of t h e  s i n :  i f  i n i t i a l l y  

the l i n e s  of f o r c e  of the solar m a g n e t i c  f i e l d  l i e  i n  m e r i d i o n a l  

p l a n e s ,  t h e n  t h e  d i f f e r e n t i a l  r o t a t i o n  of t h e  s o l a r  s i i r f a c e  

becaiise of l i n e  p r e s e r v a t i o n ,  woiild t e n d  t o  wind them i n t o  a 

p a i r  of s p i r a l s  h a v i n g  o p p o s i t e  s e n s e  i n  o p p o s i t e  h e m i s p h e r e s ,  

The same p r o c e s s  s t r e t c h e s  s o l a r  matter a l o n g  l i n e s  of f o r c e  

and may t h e r e f o r e  be e x p e c t e d  t o  a m p l i f y  t h e  f i e l d ,  T h i s  i s  

r o u g h l y  t h e  b a s i s  o f  Babcock ' s  t h e o r y  of t h e  s o l a r  c y c l e  (1961); 

t h e  e n e r g y  r e q i i i r e d  f o r  t h e  f i e l d ' s  a m p l i f i c a t i o n  i s  i i l t i m a t e l y  

s i i p p l i e d  by t h e  mechanism which m a i n t a i n s  t h e  d i f f e r e n t i a l  

r o t a t i o n .  

Again ,  when a s ta r  condenses  o u t  of a l a r g e  volume of 

teniloiis condrict ing gas permeated  by a weak magne t i c  f i e l d ,  t h e  

f i e l d  i s  l i k e l y  t o  iindergo c o n s i d e r a b l e  a m p l i f i c a t i o n  dile t o  

- 25 - 



compress ion .  S i n c e  t h e  f i e l d ' s  f i n a l  s t r e n g t h  maybe h i g h  enough t o  

c o n t r i b i i t e  a p p r e c i a b l y  t o  t h e  f o r c e s  a c t i n g  on t h e  g a s ,  t h e  

p r o c e s s  i s  i m p o r t a n t  i n  

1957). 

Eqi ia t ions  (6-2) and 

f o l l o w i n g  a s m a l l  f l i i i d  

t h e o r i e s  of s te l la r  e v o l u t i o n .  (Hoyle ,  

(6-3) may also be i ised n i i m e r i c a l l y .  

e l e m e n t  from a p o i n t  a t  which i s  known 

By 

and  n o t i n g  t h e  v a r i a t i o n  of i t s  d e n s i t y  and i t s  d imens ion  a l o n g  

t h e  f i e l d ,  a t  o t h e r  p o i n t s  a l o n g  t h e  e l e m e n t ' s  mot ion  can be 

f oiind . 
F i n a l l y ,  s i t u a t i o n s  e x i s t  i n  which e q .  (5-18) may be u s e d  

a n a l y t i c a l l y .  C o n s i d e r  , f o r  i n s t a n c e ,  t h e  s o l a r  wind emanat ing  

from t h e  r o t a t i n g  s t in .  I t  can  be assiimed ( S t e r n  1964) t h a t  n e a r  

t h e  sun t h e  l i n e s  of f o r c e  are r a d i a l  ( I f  one s ta r t s  from a 

r i g i d l y  r o t a t i n g  stin problems of c o n t i n i l i t y  a r i se ) .  Assriming 

t h a t  t h e  f l o w  v e l o c i t y  i s  r a d i a l  and t h a t  b o t h  i t  and t h e  

angi i la r  v e l o c i t y  u) of t h e  f i e l d ' s  soiirce are c o n s t a n t ,  t h e  con-  

t r a v a r i a n t  components of e q .  ( 5 - 6 ) ,  i n  s p b r i c a l  c o o r d i n a t e s  

c o r o t a t i n g  w i t h  t h e  st in,  are 

'I! (r 
V 

- r  (0)) 

c 

Assuming a1 so 
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e q u a t i o n  (5-17) g i v e s  

B = O  
0 

l e a d i n g  t o  t h e  well-known a n g l e  ( P a r k e r ,  1958) 

X=arc tg  ( w  r s i n  e l v )  (6-7) 

between t h e  r a d i a l  d i r e c t i o n  and t h a t  of E. 

of t h i s  t y p e ,  an a p p l i c a t i o n  of C a ~ ~ c h y ' s  i n t e g r a l  t o  a problem 

i n  dynamo t h e o r y ,  h a s  been g i v e n  by P a r k e r  (1955).  

(7)  

Another  example 

Neiltral P o i n t s  i n  t h e  Magne t i c  F i e l d  

We now c o n s i d e r  t h e  case i n  which t h e  c o n d r i c t i v i t y  0 i s  f i n i t e ,  

thoilgh s t i l l  v e r y  l a r g e ,  

(4 -2 )  r ed i i ces  t o  

When t h e  v e l o c i t y  1 i s  n e g l i g i b l e ,  e q ,  

which y i e l d s  a p a r a b o l i c  d i f f l l s i o n  e q u a t i o n  f o r  e a c h  of t h e  

C a r t e s i a n  components of E. The f i e l d  t h e n  t e n d s  t o  d e c a y  e x -  

p o n e n t i a l l y  w i t h  a decay  t i m e  of o r d e r  7 = p0aLZ , where L i s  a 

t y p i c a l  d imens ion  of t h e  f i e l d ;  t h e  decay of t h e  f l l l x  p a s s i n g  a 



g i v e n  voliime can a l s o  be v i s u a l i z e d  as a d i f f i i s i v e  s p r e a d i n g - o i i t  

of the l i n e s  o f  f o r c e  w i t h  v e l o c i t y  of o r d e r  L / T  =(p , ,oL)- ' .  

example of t h i s  i s  t h e  decay  o f  t h e  m a g n e t i c  f i e l d  diie t o  a 

c i i r r e n t  d i s t r i b i i t i o n  i n  a cond i i c t ing  s p h e r e  (Elsasser , 1956). 

The f o r e g o i n g  s i i g g e s t s  t h a t  t h e  g e n e r a l  s o l i i t i o n  of ( 4 - 2 )  

An 

i s  a b l e n d  of c o n v e c t i n n  o f  t h e  f i e l d  by t h e  f l u i d ' s  v e l o c i t y  v 
and i t s  d i f f u s i v e  d e c a y ,  t h e  r e l a t i v e  impor t ance  o f  t h e  two e f f e c t s  

be ing  de te rmined  by R . A i i se f i i l  c o n c e p t  i n  t h i s  c a s e ,  i n t r o d i i c e d  

by Sweet (1950), i s  t h e  s l i p p a g e  v e l o c i t y  o f  l i n e s  o f  f o r c e .  

Sweet v i s r i a l i z e d  t h e  v e l o c i t y  o f  l i n e s  of f o r c e  i n  a cond i i c t ing  

f l i i i d  as c o n s i s t i n g  o f  two components:  

f l i i i d ' s  v e l o c i t y  v and a s l i p p a g e  diie t o  f i n i t e  c o n d i i c t i v i t y .  

I n  a d d i t i o n  t o  f i n i t e  c o n d i i c t i v i t y  he a l s o  c o n s i d e r e d  t h e  terms 

added t o  E++ i n  Ohm's l a w  f o r  dense  p lasmas  L S p i t z e r ,  1962 eq.  

2-21; t h e  l a r g e s t  of t h e s e  terms a p p e a r  i n  eq .  (1-5)) liimping 

them t o g e t h e r  i n  a n  " impressed  e . m .  f ." E S i n c e  t h e  t o t a l  

v e l o c i t y  o f  t h e  l i n e s  of f o r c e  h a s  t o  s a t i s f y  ( 1 - 2 ) ,  one o b t a i n s  

m 

a c o n v e c t i o n  w i t h  t h e  

- e x t  * 

The component o f  

and i t  i s  n a t u r a l  t o  add 

p a r a l l e l  t o  t h e  f i e l d  i s  u n d e f i n e d  i n  ( 7 - 2 )  

(7-3) 

I n  what f o l l o w s  E w i l l  be n e g l e c t e d .  Removing t h e  c i i r l  a n d  

i s o l a t i n g  t h e n  g i v e s  

-ex t  
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(7-4) 

where i s  a r e l a b e l i n g  v e l o c i t y  s a t i s f y i n g  e q .  ( 3 -4 )0  

D i s r e g a r d i n g  X I ,  t h e  s l i p p a g e  v e l o c i t y  i s  p r o p o r t i o n a l  t o  t h e  

magne t i c  body f o r c e  a c t i n g  on t h e  f l u i d .  One thi is  g e t s  t h e  

p i c t i i r e  of a v i sco l l s  i n t e r a c t i o n  between t h e  f l i i i d  and t h e  

l i n e s  of f o r c e ,  w i t h  t h e  l i n e s  e x e r t i n g  a f o r c e  on t h e  f l i i i d  

p r o p o r t i o n a l  t o  t h e i r  r e l a t i v e  v e l o c i t y ,  The o r d e r  o f  magni tude  

o f  y i s  (p0gL) - '  and it t h u s  f u r n i s h e s  a more p r e c i s e  d e f i n i t i o n  

of t h e  " d i f f i i s i o n  v e l o c i t y "  p r e v i o i i s l y  i n t r o d u c e d .  

The ana logy  w i t h  v i s c o s i t y  can  be e x p r e s s e d  i n  a more 

q i i a n t i t a t i v e  manner.  I t  may b e  shown ( f o r  d e t a i l s  and a p p l i c a t i o n s ,  

see B a t c h e l o r ,  1950, and Landaii SC L i f s h i t z ,  1960, $55) t h a t  i n  an 

i n c o m p r e s s i b l e  f l i i i d  with v i s c o s i t y  V ,  s u b j e c t  t o  g r a v i t y  and 

p r e s s u r e ,  eq i i a t ion  (1-1) f o r  t h e  v o r t i c i t y  Q i s  r e p l a c e d  by 

an 2 - - v  x (1 x Q) = vv Q a t  
which f o r m a l l y  r e s e m b l e s  ( 4 - 2 ) 0  Becailse of t h i s  a n a l o g y ,  t h e  

qu an t i  t y  

i s  sometimes c a l l e d  t h e  magne t i c  v i s c o s i t y  (Elsasser,  1956, 

e q .  2 .13) .  

Eqiiation ( 4 - 2 )  i s  of p r i m e  impor t ance  i n  t h e  t h e o r y  of 

s e l f  - s i i s t a i n i n g  f l i i id  dynamos, S p e c i a l  cases have  been s o l v e d  

by Elsasser (1946a, l 9 4 6 b ,  1947), P a r k e r  and Krook (1956) 
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S t e r n  (1964) and o t h e r s ,  biit t h e  g e n e r a l  t r e a t m e n t  i s  d i f f i c i i l t ;  

i t  does n o t  redi ice  t o  scalar d i f f i i s i o n  e q u a t i o n s  i n  t h e  c o n v e c t e d  

f rame f o r  a and 0 .  T h i s  i s  i n  k e e p i n g  w i t h  t h e  g e n e r a l  rille 

t h a t  , e x c e p t  f o r  s i m p l e  cases,  e q i i a t i o n s  i n v o l v i n g  t h e  v e c t o r  

L a p l a c i a n  do n o t  redi ice  t o  a set  o f  c o r r e s p o n d i n g  e q i i a t i o n s  

i n v o l v i n g  scalar L a p l a c i a n s .  

I n  a s t r o p h y s i c a l  a p p l i c a t i o n s  many cases occiir i n  which u 

i s  e x c e e d i n g l y  large. I t  h a s  been p o i n t e d  oiit by Sweet (1956) 

and la te r  by P a r k e r  (1957) and P e s t s c h e k  (1963) t h a t  i n  t h e s e  

cases,  i f  t h e  m a g n e t i c  f i e l d  p o s s e s s e s  n e u t r a l  p o i n t s  a t  which 

i t s  i n t e n s i t y  v a n i s h e s ,  d i s s i p a t i v e  e f f e c t s  can be g r e a t l y  

a c c e l e r a t e d  i n  t h e  v i c i n i t y  of  t h e s e  p o i n t s .  F o l l o w i n g  t h e s e  

a i i t h o r s ,  w e  now i n v e s t i g a t e  h i g h l y  condi ic t ive  f l i i i d s  i n  which 

t h e  e f f e c t s  o f  f i n i t e  c o n d i i c t i v i t y  are small everywhere e x c e p t  

i n  t h e  neighborhood o f  n e i i t r a l  p o i n t s .  

A s t r o p h y s i c a l  i n t e r e s t  i n  n e i i t r a l  p o i n t s  d a t e s  from an 

o b s e r v a t i o n  by G i o v a n e l l i  (1947) t h a t  s o l a r  f l a r e s  occi i r  p r e -  

f e r e n t i a l l y  i n  t h e  v i c i n i t y  of  n e i i t r a l  p o i n t s  of  s i inspot  f i e l d s .  

T h i s  i d e a  - which s t i l l  l a c k s  c o m p l e t e  c o n f i r m a t i o n  becai ise  of 

t h e  d i f f i c i l l t y  i n  i d e n t i f y i n g  n e i i t r a l  p o i n t s  on t h e  siin - l e d  

Diingey (1953, 1958, 1963) t o  d e v e l o p  a t h e o r y  of  a c c e l e r a t i o n  of  

charged  p a r t i c l e s  by e l e c t r i c  f i e l d s  n e a r  n e i i t r a l  p o i n t s .  Miich 

of what i s  s a i d  h e r e  aboi i t  t h e  c l a s s i f i c a t i o n  and b e h a v i o r  of 

n e i i t r a l  p o i n t s  f o l l o w s  a i n g e y ' s  work. 

The magnet ic  f i e l d  n e a r  a n e i i t r a l  p o i n t  N may be  e x p r e s s e d ,  

t o  lowest  o r d e r ,  by a T a y l o r  e x p a n s i o n  
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(7-5) 

T where - r i s  t h e  r a d i i i s  v e c t o r  t o  N and g 

d e n o t e s  t r a n s p o s e )  i s  a c o n s t a n t  d y a d i c  w i t h  z e r o  t r a c e ,  

symmetric i f  t h e  c u r r e n t  d e n s i t y  a t  N v a n i s h e s .  The d i r e c t i o n  

of a t  N i s  i l n d e f i n e d ;  n e v e r t h e l e s s ,  i t  i s  i i s e f u l  t o  d e f i n e  

a " l i n e  of f o r c e  throi lgh N" a s  a cont ini ioi is  smooth l i n e  p a s s i n g  

N and t a n g e n t  t o  - B a t  a l l  o t h e r  p o i n t s  ( t h e  term " n e i l t r a l  l i n e "  

i s  sometimes u s e d ,  bii t  t h i s  i s  a p t  t o  b e  confi ised w i t h  a l i n e  

a l o n g  which v a n i s h e s )  

= V E I N  ( s i i p e r s c r i p t  T 

Neutral p o i n t s  can  be c l a s s i f i e d  (Dilngey 1953) by t h e  nilmber 

of l i n e s  of f o r c e  p a s s i n g  them. L e t  such  a l i n e  have  a i i n i t  

t a n g e n t  a t  N. A t  p o i n t s  on t h e  l i n e  i n f i n i t e s i m a l l y  c l o s e  

t o  N 

t h e  l a s t  e q i i a l i t y  f o l l o w i n g  from t h e  c o n d i t i o n  t h a t  i s  t a n g e n t  

t o  t h e  l i n e ,  S i n c e  h and p are b o t h  real  (thoiigh i n f i n i t e s i m a l ) ,  

5 m i i s t  b e  an e i g e n v e c t o r  of g c o r r e s p o n d i n g  t o  a real  e i g e n v a l u e ,  

A l i n e  thoiigh N on which v a n i s h e s  i s  a l s o  c o n s i d e r e d  h e r e  a 

l i n e  of f o r c e ,  c o r r e s p o n d i n g  t o  an e i g e n v a l u e  z e r o .  A biindle 

of l i n e s  o f  f o r c e  h a v i n g  a common t a n g e n t  a t  N i s  coi lnted as one 

l i n e  o n l y ,  

There  e x i s t  t h e r e f o r e  two k i n d s  o f  n e u t r a l  p o i n t s .  I f  a h a s  

o n l y  one real e i g e n v a l u e ,  t h e r e  i s  o n l y  one l i n e  o f  f o r c e  p a s s i n g  
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throiigh N ,  which i s  t h e n  c a l l e d  (by  t h e  shape  of  l i n e s  of 

f o r c e  i n  i t s  v i c i n i t y )  an 0 - t y p e  n e i i t r a l  p o i n t .  The b e h a v i o r  

o f  n e a r  an 0 - t y p e  n e i i t r a l  p o i n t  f o r m s  t h e  b a s i s  o f  C o w l i n g ' s  

theorem (Cowl ing ,  1934) on the i m p o s s i b i l i t y  of  s t a t i o n a r y  

ax isymmetr ic  f l u i d  dynamos. A l t e r n a t i v e l y ,  t h e r e  may e x i s t  3 

real e i g e n v a l i i e s  A w i t h  c o r r e s p o n d i n g  i i n i t  v e c t o r s  gi, i n  

which case 3 l i n e s  of  f o r c e  o r  birndles  of  l i n e s  p a s s  throi igh 

N and i t  i s  known as  an X-type n e i i t r a l  p o i n t .  A l l  c u r r e n t - f r e e  

n e i i t r a l  p o i n t s  b e l o n g  t o  t h i s  c l a s s ,  f o r  g i s  t h e n  symmetric 

and has  o n l y  real e i g e n v a l u e s .  I n  what f o l l o w s ,  o n l y  X-type 

n e i i t r a l  p o i n t s  w i l l  be c o n s i d e r e d .  

i '  

Becaiise t h e  d i v e r g e n c e  of v a n i s h e s ,  t h e  t h r e e  e i g e n v a l i i e s  

add iip t o  z e r o  and cannot  a l l  be o f  t h e  same s i g n .  I t  w i l l  be 

assrimed h e r e  tha t  1, and 1 2  are p o s i t i v e  and A 3  n e g a t i v e ;  t h e  

a l te rna te  case o f  two n e g a t i v e  e i g e n v a l i i e s  i s  t h e n  o b t a i n e d  by 

r e v e r s i n g  t h e  m a g n e t i c  f i e l d  everywhere ,  a procedi i re  which,  i t  

w i l l  be  n o t e d ,  d o e s  n o t  change t h e  d i s p o s i t i o n  o f  t h e  m a g n e t i c  

f o r c e .  The v e c t o r s  5 w i l l  be chosen  of i i n i t  l e n g t h  and t h e i r  

s e n s e  i s  de termined  by s t i p i i l a t i n g  t h a t  t h e  scalar p r o d i i c t s  

(51 * g r ) ,  (gz 5 3 )  and (g,S;253) are p o s i t i v e  [ t h e  s i g n  o f  

g1 . 53) c a n n o t  be f r e e l y  chosen] .  

i 

- 

I f  l i e s  i n  t h e  p l a n e  of  sl and 52, i s  c o n t a i n e d  i n  t h a t  

p l a n e  as w e l l .  Choosing an o r t h o g o n a l  C a r t e s i a n  system f o r  which 

t h i s  i s  t h e  ( x , y )  p l a n e ,  i t  i s  foiind t h a t  everywhere i n  t h i s  p l a n e  

t h e  q i i a d r a t i c  form 
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.- 

i n v o l v e s  o n l y  t h e  t o p  l e f t  (2x2)  s u b m a t r i x  g ' o f  a, which h a s  

t h e  p o s i t i v e  e i g e n v a l u e s  h.1 and ).2* I f  i n  a d d i t i o n  no c u r r e n t  

f l o w s  i n  t h e  z - d i r e c t i o n ,  a '  i s  symmetr ic  a s  w e l l  and t h e r e f o r e  

p o s i t i v e  d e f i n i t e ,  Then d l  and 5 2  are oi- t I io~;onal ,  1- 0 i s  

p o s i t i v e  f o r  a l l  d i r e c t i o n s  and t h e  l i n e s  o f  f o r c e  p o i n t  oi i twards 

everywhere i n  t h e  (S1,52) p l a n e ,  

o f  f o r c e  t o  which 51 and 5 2  are t a n g e n t  s p r e a d s  o u t  i n t o  a bundle  

of  ou tward-going  l i n e s ,  t h e  two b u n d l e s ,  between them, c o v e r i n g  

t h e  p l a n e .  I n  t h e  g e n e r a l  case i n  which 51 and 3 2  are i n c l i n c e d  

a t  some a n g l e  8,  g$ i s  p o s i t i v e  d e f i n i t e  o n l y  i f  

I n  t h i s  case e a c h  of t h e  l i n e s  

I n  o t h e r  cases t h e  l i n e s  of f o r c e  d i v e r g i n g  f r o n  N bend so as t o  

approach  N a g a i n  b e f o r e  f i n a l l y  h e a d i n g  away (compare Dvingey 

1963). 

The claim i s  o f t e n  made t h a t  l i n e s  o f  f o r c e  are broken and 

r e c o n n e c t e d  a t  n e i i t r a l  p o i n t s .  T h i s  w i l l  now be  examined. 

I n  t h e  approximat ion  ( 7 - 5 )  t h e  C a r t e s i a n  components of are 

l i n e a r  c o m b i n a t i o n s  of  t h o s e  o f  L and t h e r e f o r e ,  i n  t h i s  o r d e r  

of  a p p r o x i m a t i o n ,  V2B_ v a n i s h e s ,  N e g l e c t i n g  E i n  ( 7 - 2 ) ,  t h e  

s l i p p a g e  v e l o c i t y  t h e n  s a t i s f i e s  (3-4.) and t h e r e f o r e  h a s  t h e  

c h a r a c t e r  of  a " r e l a b e l i n g  v e l o c i t y " ,  by which l i n e s  of f o r c e  i n  

a g i v e n  p a t t e r n  are t r a n s f o r m e d  among t h e m s e l v e s ,  w i t h o u t  change  

t o  t h e  p a t t e r n  as a whole.  

-ext 

A s s u m e  f o r  s i m p l i c i t y  a f i e l d  i n  which t h e r e  i s  n o  f l i i i d  
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motion:  i n  such  a f i e l d ,  w i l l  be t h e  e n t i r e  v e l o c i t y  of 

f i e l d  l i n e s .  

a t  N )  and  i t  t r a n s f o r m s  f i e l d  l i n e s  w i t h i n  a f i x e d  p a t t e r n ,  b u t  

a t  l a r g e  d i s t a n c e s  f r o n  N i t  d i m i n i s h e s  r a p i d l y  t o  a n e g l i g i b l e  

magnitude.  

Near t h e  n e i i t r a l  p o i n t ,  E i s  l a r g e  ( i t  d i v e r g e s  

Cons ider  a l i n e  o f  f o r c e  which i n i t i a l l y  p a s s e s  p o i n t s  ABC 

n e a r  N ( F i g u r e  3 ) .  A t i m e  i n t e r v a l  d t  l a te r  t h e  l i n e  w i l l  have 

s h i f t e d  a d i s t a n c e  w d t .  A t  t h e  "roots" of  t h e  l i n e  f a r  from N 

t h i s  s h i f t  i s  n e g l i g i b l e ,  so t h a t  i f  one d e f i n e s  a l i n e  by i t s  

roo t s  one w i l l  be s t i l l  o b s e r v i n g  e s s e n t i a l l y  t h e  same l i n e .  

Near N ,  however,  t h e r e  w i l l  be a real  c h a n g e ,  w i t h  t h e  p o i n t s  

ABC moving t o  DEF and t h e  l i n e  becoming d i f f e r e n t l y  connec ted .  

The s l i p p a g e  v e l o c i t y  becomes i n f i n i t e  a t  N.  T h i s  i s  n e c e s s a r y  

t o  e n a b l e  p o i n t  A t o  " t u r n  a c o r n e r "  a t  N and t r a n s f o r m  t o  D 

w h i l e  k e e p i n g  lip w i t h  B and C as t h e y  t r a n s f o r m  smoothly i n t o  

E and F .  A s  a conseqi ience,  no matter what t h e  f l o w  v e l o c i t y  

of  t h e  condi ic t ing f l i i i d  i s ,  t h e r e  w i l l  a lways  e x i s t  a s m a l l  

neighborhood of N i n  which t h e c m v e c t i o n  of  f i e l d  l i n e s  by t h e  

f l u i d  v e l o c i t y  can  be n e g l e c t e d  and t h e i r  v e l o c i t y  b e  t a k e n  as 5. 

To o b t a i n  some more i n s i g h t  i n t o  t h e  s l i p p a g e  p r o c e s s  n e a r  

n e r r t r a l  p o i n t s  we  in t rodi rce  an e s s e n t i a l l y  two-dimensional  model ,  

w i t h  v e c t o r s  zl and 52 making an a n g l e  0 i n  t h e  ( x ,  Y )  p l a n e  and 

5 3  f o l l o w i n g  t h e  z - a x i s ,  and w i t h  c o r r e s p o n d i n g  e i g e n v a l i i e s  h ,  - A 

and 0 .  

i s  t h e n  r a d i a l  ( t h i s  c o r r e s p o n d s  t o  d i f f u s i o n  f r o n  N t o  D i n  

F i g u r e  3) and i t s  magnitude a t  d i s t a n c e  x i s  

The d i f f i i s i o n  v e l o c i t y  y a l o n g  t h e  d i r e c t i o n  of  (51 + 5 2 )  
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One n o t e s  t h a t  t h e  magnitude of E,  r e p r e s e n t e d  by h ,  i s  

a b s e n t  and t h a t  E! i n c r e a s e s  as t h e  a n g l e  between t h e  a x e s  

d i m i n i s h e s  ( i t  i s  z e r o  f o r  8 = t7/2 becai ise  t h e n  V x 

and a l s o  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  d i s t a n c e  from N .  

(8) 

v a n i s h e s )  

The E v o l u t i o n  of Neu t ra l  P o i n t s  

The volume f o r c e  on t h e  f l i i i d  (T d e n o t e s  t r a n s p o s e )  i s  

The f o r c e  v a n i s h e s  a t  t h e  n e t i t r a l  p o i n t  a n d ,  because  of i t s  

o r t h o g o n a l i t y  t o  E, h a s  no r a d i a l  component on t h e  main a x e s  

d e f i n e d  by t h e  e I n  g e n e r a l ,  t h e  r a d i a l  component of a t  a 

p o i n t  

-i 

- r - L ui  3, 

i s  g i v e n  by 

T h i s  component v a n i s h e s  on t h e  q r i ad r i c  s i i r f a c e  o b t a i n e d  by 

eq i l a t ing  ( 8 - 2 )  t o  z e r o ,  which i s  e v i d e n t l y  a c o n e ,  s i n c e  i t  

c o n t a i n s  t h r e e  non-cop lana r  s t r a i g h t  l i n e s  ( t h e  main a x e s )  

i n t e r s e c t i n g  a t  t h e  o r i g i n .  The f o r c e  t h e n  pushes  inward  

i n s i d e  t h e  cone  and away f r o n  N oi i ts i .de i t  - o r  v i c e  v e r s a ,  



depending on t h e  s i g n  of ( f l  k 3 ) .  

t h i s  f o r c e ,  i t  w i l l  t e n d  e i t h e r  t o  open t h e  cone  rip i n t o  t h e  

v i c i n i t y  of a p l a n e  ( " t h e  n e i i t r a l  p l a n e " )  o r  t o  close i t  i n t o  a 

l i n e  ( " n e i i t r a l  f i l a m e n t " ) ,  e i t h e r  o f  them p a s s i n g  throi igh N. 

I f  t h e  f l u i d  f l o w  f o l l o w s  - - 

Such " f o l d i n g "  of t h e  f i e l d  was o b t a i n e d  by Diingey (1953, 

1958) when h e  f i r s t  t r e a t e d  t h e  f l i i i d ' s  motion n e a r  t h e  n e i i t r a l  

p o i n t .  H i s  c a l c i i l a t i o n  assiimed t h a t  p r e s s l i r e  and c o n d i i c t i v i t y  

can  be n e g l e c t e d  and t h a t  t h e  f l u i d  v e l o c i t y  v a n i s h e s  a t  t h e  

n e i i t r a l  p o i n t ,  so t h a t  i t  can  be expanded,  ana logoi l s ly  t o  (7-5)  

E q u a t i o n  (1 -2)  t h e n  g i v e s  a ( d y a d i c )  e q u a t i o n  

( f o r m i n g  t h e  scalar prodi ic t  w i t h  r e c o v e r s  1 -2) .  S i m i l a r l y ,  

t h e  f o r c e  e q u a t i o n  

red i ices  t o  

1 7 ab - +(b * b)= (a - a  ) * a 
P O  

I f  i n i t i a l l y  b o t h  1 and - j v a n i s h ,  so t h a t  t h e  magnet ic  a x e s  are 

o r t h o g o n a l  and g i s  symmetr ic ,  h ingey  showed t h a t  a small p e r t i i r b a t i o n  
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a m p l i f i e s  i t s e l f  and prodiices a f l o w  d i m i n i s h i n g  t h e  a n g l e  

between a x e s  of o p p o s i t e l y  s i g n e d  e i g e n v a l u e s  ( a n g l e  8 i n  

F ig l i r e  3 )  

t h e  e l ec t r i c  f i e l d  E?' ( i n  t h e  f l i i i d ' s  f r ame)  becomes a p p r e c i a b l e .  

Diingey c a l l e d  t h i s  an " i n s t a b i l i t y " ;  i t  w a s  h i s  i d e a  t h a t  siich a 

The c u r r e n t  d e n s i t y  j meanwhile i n c r e a s e s  , i i n t i l  
I 

development  t a k e s  p l a c e  i n  s o l a r  f l a r e s  and t h a t  t h e  c i i r r e n t  

t h e n  becomes a " d i s c h a r g e "  a c c e l e r a t i n g  p a r t i c l e s  t o  h i g h  e n e r g i e s  

While Diingey's d e r i v a t i o n  i s  f o r m a l l y  c o r r e c t ,  c a l i t i o n  m i i s t  b e  

e x e r c i s e d  i n  i t s  i n t e r p r e t a t i o n ,  f o r  t h e  g rowth  of a l o c a l  i n s t a b i l -  

i t y  a s s o c i a t e d  w i t h  N c o n t r a d i c t s  t h e  e x i s t e n c e  of s t a b l e  n e u t r a l  

p o i n t s ,  Siich p o i n t s  do e x i s t . .  C o n s i d e r  f o r  i n s t a n c e  two f i x e d  

p a r a l l e l  magne t i c  d i p o l e s ,  d i r e c t e d  a l o n g  t h e  l i n e  c o n n e c t i n g  

them and immersed i n  an i n f i n i t e  homogeneoiis cond i l c t ing  f l i i i d  a t  

res t  (F ig i i r e  4 ) =  I n  siich a c o n f i g i i r a t i o n  a n e i i t r a l  p o i n t  (more 

p r e c i s e l y ,  a c i r c i l l a r  loci ls  of n e i l t r a l  p o i n t s )  i s  formed between 

t h e  d i p o l e s ,  r e s e m b l i n g  i n  a l l  respects  t h e  = n e  i n v e s t i g a t e d  by 

Diingey,. I f  t h i s  sys tem were u n s t a b l e ,  one woilld s t i l l  e x p e c t  t h a t  

a f t e r  a l l  f l i i i d  m o t i o n s  and volilme c i i r r e n t s  had  decayed  t h e r e  would 

remain  a homogeneous mediiim w i t h  two embedded d i p o l e s .  The f i n a l  

e n e r g y  t h e n  e q i i a l s  t h e  i n i t i a l  one and t h e r e  i s  none l e f t  t o  d r i v e  

t h e  i n s t a b i l i t y .  

To r inde r s t and  Diingey's r e s u l t s  one  n o t e s  t h a t  t h e  e f f e c t  dedliced 

by him i s  n o t  c o n f i n e d  t o  t h e  ne ighborhood  o f  N ,  I n d e e d ,  t h e  

f o l d i n g  o f  t h e  main a x e s  and o f  t h e  a s s o c i a t e d  sys tem of f i e l d  

l i n e s  e x t e n d s  as f a r  as  t h e  a p p r o x i m a t i o n  (7-5) d o e s ,  and it i s  
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n o t  a t  a l l  c e r t a i n  t h a t  some s i i r f a c e  can  be f o u n d ,  e n c l o s i n g  

a r e l a t i v e l y  small r e g i o n  a round  N ,  beyond which t h e  p e r t i i r b a t i o n  

i s  n e g l i g i b l e .  I n  t h e  example g i v e n ,  a t  least ,  i t  seems t h a t  

n o  srwh s i i r f a c e  e x i s t s  and t h a t  t h e  " f o l d i n g "  n e a r  N i s  o n l y  

p a r t  of a d e f o r m a t i o n  i n v o l v i n g  t h e  e n t i r e  f i e l d ,  becarise t h e  

o n l y  soiirce of e n e r g y  a v a i l a b l e  h e r e  i s  t h e  r e l a t i v e  p o t e n t i a l  

energy o f  t h e  two d i p o l e s .  I n  p a r t i c i i l a r ,  a l l o w i n g  t h e  d i p o l e s  

t o  a t t ract  each o t h e r  ( J a c k s o n  1962 ,  $4.2)  throrigh a f i n i t e  

d i s t a n c e  w i l l  release ene rgy  and w i l l  a l s o  f o l d  t h e  l i n e s  near 

t h e  n e i i t r a l  p o i n t  i n  t h e  manner d e s c r i b e d  by Diingey. I t  thi is  

seems t h a t  h i n g e y ' s  mechanism i s  a c t r i a l l y  t h e  d e s c r i p t i o n  of a 

l a c k  of eq i i i l i b r i i im  i n  t h e  e n t i r e  f i e l d  r a t h e r  t h a n  o f  an  

i n s t a b i l i t y  a s s o c i a t e d  w i t h  t h e  n e i i t r a l  p o i n t s .  

A problem somewhat similar t o  b l n g e y ' s  was t r e a t e d  by Chapman 

and Kendall  (1963) 

v a n i s h e s ,  siirroiinded by a ti ibe of cond i i c t ing  f l i i i d  w i t h  f i n i t e  

c r o s s  s e c t i o n ,  I n  t h i s  case h i n g e y ' s  i n s t a b i l i t y  p r o c e e d s  withori t  

r e f e r e n c e  t o  t h e  magne t i c  so i i r ces ,  s i n c e  the f l i i i d  i s  decoiipled 

from them by t h e  vaciiiim siirroiinding t h e  t i ibe.  Siich deco i ip l ing  

seems i i n l i k e l y  , however,  i n  a s t r o p h y s i c a l  a p p l i c a t i o n s .  

who c o n s i d e r e d  a l i n e  a l o n g  which t h e  f i e l d  

T o  o b t a i n  any l o c a l  b e h a v i o r  a t  t h e  n e r i t r a l  p o i n t  w h i l e  t h e  

f i e l d  i s  h e l d  f i x e d  a t  some d i s t a n c e  from i t ,  one h a s  t o  e x t e n d  

the expans ion  (7-5) a t  least  t o  second o r d e r .  I n  p r i n c i p l e ,  

eq i i a t ions  (8-4) and (8-6) ,  g e n e r a l i z e d  t o  t h i s  o r d e r ,  o r  t h e  rise 

of an ene rgy  p r i n c i p l e ,  woilld t h e n  show imder  what c o n d i t i o n s ,  i f  

~~ 
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a n y p  can  a pr i re ly  l o c a l  i n s t a b i l i t y  proceed  a t  t h e  n e i l t r a l  p o i n t ,  

A t t e n t i o n  was f i r s t  c a l l e d  t o  t h e  impor tance  o f  motion of  t h e  

f i e l d !  s sor l rces  by Sweet (1956, 1958) H e  c o n s i d e r e d  i n  p a r t i c r i l a r  

t h e  n e i i t r a l  p o i n t  between t h e  two d i p o l e s  d e s c r i b e d  p r e v i o i i s l y  

( F i g l i r e  4)  and assiimed e a c h  d i p o l e  t o  be embedded i n  a mass of  

condrict ing f l i i i d  t h e  t w o  masses moving i n  o p p o s i t e  d i r e c t i o n s  

towards  t h e  neii t ral  p o i n t  

Sweet d i d  n o t  r e s t r i c t  t h e  model t o  e l e c t r o m a g n e t i c  f o r c e s  

a l o n e ,  I n  t h i s  c o n n e c t i o n ,  h e  n o t e d  t h a t  f o r c e s  diie t o  p r e s s l i r e  

g r a d i e n t s  w i l l  p redominate  near t h e  n e i i t r a l  p o i n t y  s i n c e  t h e  

e l e c t r o m a g n e t i c  f o r c e  t e n d s  t h e r e  t o  z e r o .  The f l o w  prodrlced 

by m e c h a n i c a l  f o r c e s  when two f l i i i d  masses are p r e s s e d  t o g e t h e r  

i s  similar t o  t h e  one o c c u r r i n g  i n  Diingey's model:  t h e  f l r i i d  i s  

squeezed  oiit a l o n g  a p l a n e  o r  l i n e .  I f  t h e  n e i i t r a l  p o i n t  i s  

i n i t i a l l y  on s i c h  a "ne i i t ra l  p l a n e "  ( 0  

Sweet e x p e c t e d  t h e  f l o w  t o  d i s t o r t  t h e  

v i o i j s l y  d e s c r i b e d ,  l e a d i n g  t o  i t s  f l a t  

t o  t h e  b r i i l d - i i p  of c i i r r e n t  d e n s i t y  and 

p r o c e s s  i s  f i n a l l y  l i m i t e d  by t h e  n e c e  

r e g i o n  by which t h e  f l r i i d  may e s c a p e  f 

n e u t r a l  p o i n t , .  It i s  i n  t h i s  f i n a l  s t  

n e a r  t h e  n e i i t r a l  p o i n t  t a k e s  p l a c e ,  

The f o l l o w i n g  s i m p l e  model i s  drie 

lr p o s s i b l y  "neui t ra l  f 1 lamen 

m a g n e t i c  f i e l d  as w a s  p r e  

t e n i n g  n e a r  t h e  p l a n e  and 

e l e c t r o m a g n e t i c  f o r c e s ,  Th 

s s i t y  of m a i n t a i n i n g  a n a r r o  

rom t h e  ne ighborhood of t h e  

a te  t h a t  enhanced  d i f f i i s i o n  

t o  P a r k e r ,  who f o l l o w e d  Swee 

i d e a s  q r i a n t i t a t i v e l y  i n  c o n s i d e r a b l e  d e t a i l  (1957 1963) P a r k e r  

assumed t h a t  t h e  r e g i o n  aroiind t h e  n e i i t r a l  p o i n t  N c o l l a p s e s  i n t o  

a t h i n  "boiindary l a y e r "  of  c o n s t a n t  t h i c k n e s s  26.  The f l r i i d  

I 

l 

, 
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a p p r o a c h e s  t h e  l a y e r  w i t h  v e l o c i t y  II a l o n g  t h e  d i r e c t i o n  

normal  t o  i t ,  which w i l l  be  chosen  as t h e  x a x i s ;  t h e  y d i r e c t i o n ,  

a l o n g  which t h e  f l i i i d  i s  squeezed  oii t ,  i s  then  t h a t  of t h e  f i e l d  

B f a r  from t h e  l a y e r ,  which i s  assiimed t o  be of  c o n s t a n t  

magnitiide birt h a v i n g  o p p o s i t e  p o l a r i t i e s  on d i f f e r e n t  s i d e s  of 

the  layer. The magnet ic  p r e s s r i r e  on t h e  f l a n k s  of  t h e  boiindary 

l a y e r  i s  b a l a n c e d ,  n e a r  N ,  by an i n c r e a s e  i n  f l i i i d  p r e s s i i r e .  

-0 

L e t  t h e  l a y e r  have a f i n i t e  l e n g t h  2L i n  t h e  y d i r e c t i o n .  A t  

= L ,  t h e  f l i r i d  l e a v e s  t h e  l a y e r  and i f  t h e  f i e l d  and p r e s s i i r e  I yl 

have dropped close t o  z e r o  n e a r  t h i s  p o i n t ,  t h e  f l i i i d ' s  k i n e t i c  

e n e r g y  d e n s i t y  p v 2 / 2  w i l l  be  roiighly t h a t  acq i i i red  by a p r e s s i i r e  

d r o p  of Bo /2p0. 

l e a v i n g  t h e  l a y e r  i s  of  t h e  o r d e r  of t h e  AlfvGn v e l o c i t y  

2 T h i s  means,  t h e n ,  t h a t  t h e  v e l o c i t y  of  t h e  f l u i d  

By c o n t i n i i i t y  

and i f  u and L are g i v e n ,  6 may be  forlnd. 

I n s i d e  t h e  l a y e r  oppos ing  f i e l d  l i n e s  d i f f i i s e  t o w a r d s  e a c h  

o t h e r  w i t h  a v e l o c i t y  of  t h e  o r d e r  (p o 6 ) - '  and u l t i m a t e l y  merge. 

Oii ts ide t h e  boiindary,  f i e l d  l i n e s  move w i t h  t h e  f l i i i d ' s  v e l o c i t y  

u. I n  o r d e r  f o r  t h e  two m o t i o n s  t o  b e  cont in i io i i s ,  one n e e d s  

0 

. 
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E l i m i n a t i n g  S between t h e  l a s t  two e q i l a t i o n s  g i v e s  

( 8 - 1 0 )  

I n  a p p l y i n g  t h e  above t o  the  siln P a r k e r  assiimed t h a t  a s o l a r  

f l a r e  ar ises  

f i e l d s  are pilshed a g a i n s t  e a c h  o t h e r  w i t h  v e l o c i t y  u, 

f i e l d  i n t e n s i t y ,  d e n s i t y  and t h e  t o t a l  e n e r g y  r e l e a s e d  can be 

e s t i m a t e d  from o b s e r v a t i o n s ;  f rom t h e  t o t a l  e n e r g y ,  t h e  t h i c k n e s s  

D of  t h e  r e g i o n  o f  f i e l d  a n n i h i l a t i o n  i s  foilnd t o  be of t h e  o r d e r  

of  10" km, The t o t a l  t i m e  D/u f o r  t h e  a n n i h i l a t i o n  of  m a g n e t i c  

e n e r g y  i s  t h e n  lo4 - 10 6 s e c o n d s ,  as compared t o  o b s e r v e d  t i m e s  

of  o r d e r  102 s e c e n d s ,  

when two r e g i o n s  c o n t a i n i n g  oppos ing  magnet ic  

The 

The above argriment may be m o d i f i e d  t a k i n g  i n t o  accorlnt  more 

d e t a i l s  o f  t h e  f i e l d l s  s t ructr i re  n e a r  t h e  n e l l t r a l  p o i n t  assllming 

t h a t  i t  h a s  t h e  form g i v e n  i n  Figr l re  3 w i t h  t h e  a n g l e  0 small brit 

f i n i t e ,  

and as a s i m p l e  approximat ion  one may n e g l e c t  2 i n  t h i s  r e g i o n  and 

n e g l e c t  o r i t s i d e  i t ,  I f  6 i s  t h e  e x t e n t  of t h e  r e g i o n  i n  x 

d i r e c t i o n  ( a l o n g  t h e  l i n e  NA i n  F ig l i re  3 )  t h e n  i t s  l e n g t h  i n  t h e  y 

d i r e c t i o n  w i l l  be of t h e  o r d e r  G / s i n  9 0 , '  

T h e r e  w i l l  e x i s t  a r e g i o n  arolind N i n  which _w p r e d o m i n a t e s ,  

Eyiiation (8-9) t h e n  e x p r e s s e s  t h e  f a c t  t h a t  on t h e  bollnllary 

o f  t h i s  c e n t r a l  r e g i o n ,  on t h e  x - a x i s ,  t h e  s l i p p a g e  v e l o c i t y  e q r i a l s  



t h e  impinging f l i i i d  v e l o c i t y .  However, s i n c e  t h i s  t r a n s i t i o n  

occiirs c l o s e  t o  a s t a g n a t i o n  p o i n t  of  t h e  f l o w ,  t h e  impinging  

v e l o c i t y  may be milch l ess  t h a n  t h e  v e l o c i t y  ii of  t h e  f l i i i d  f a r  

from t h e  l a y e r .  W r i t i n g  t h e  impinging  v e l o c i t y  as  E u ,  where 

c < 1 ,  one f i n d s  t h a t  a f a c t o r  e - *  m i i s t  be added t o  e q i i a t i o n  

(8-10). I f  Q i s  v e r y  small, t h i s  i n c r e a s e s  u c o n s i d e r a b l y  and 

a c h i e v e s  a c o r r e s p o n d i n g  r e d r i c t i o n  i n  a n n i h i l a t i o n  t i m e .  

I n  a d d i t i o n ,  i i n l e s s  t h e  a n g l e  0 i s  e x t r e m e l y  small, tk 

c e n t r a l  r e g i o n  w i l l  occiipy o n l y  p a r t  of t h e  boundary l a y e r ,  

t e r m i n a t i n g  a t  aboiit  I yI 

l a y e r  i s  l i k e l y  t o  broaden;  i t  w i l l  c e r t a i n l y  do so i f  t h e  f l o w  

r e s e m b l e s  t h a t  g i v e n  by eq i ia t ion  (8-3) .  Eqi ia t ion (8-8) t k n  a l s o  

r e q i i i r e s  m o d i f i c a t i o n  and a g a i n  t h i s  l e a d s  t o  an i n c r e a s e  i n  1 1 .  

A more e l a b o r a t e  e x t e n s i o n  of P a r k e r ' s  model w a s  p o s t i l l a t e d  

= r3/sin J, 8. Beyond t h i s  p o i n t  t h e  

by Pe tscheck  (1963), who d i v i d e d  t h e  boiindary l a y e r  i n t o  two 

r e g i o n s ,  

t h e  mechanism si iggested by Sweet and P a r k e r  h o l d s ;  f o r  y+c<( yI < L ,  

however,  t h e  l a y e r  d i v e r g e s  a t  an a n g l e  of  aboiit  0.1 r a d i a n s ,  t h e  

f l i i i d  v e l o c i t y  i s  m a i n t a i n e d  n e a r  V and magnet ic  e n e r g y  i s  

removed by p r o p a g a t i o n  of hydromagnet ic  waves. I n  a p p l i c a t i o n  t o  

s o l a r  f l a r e s ,  t i m e s  of  t h e  o r d e r  of 100 seconds  are o b t a i n e d ,  

becaiise t h e  l e n g t h  2 y+t of t h e  c e n t r a l  r e g i o n  i s  now milch less  t h a n  

t h e  t o t a l  l e n g t h  2 L  and t h e r e f o r e  t h e  t h i c k n e s s  2 b  n e a r  N i s  

c o r r e s p o n d i n g l y  reduced .  

I n  a s e c t i o n  0 4 I yI < y* s t r a d d l i n g  t h e  n e i l t r a l  p o i n t  

A 

Petschek  a lso d e r i v e s  an i ipper l i m i t  t o  t h e  ra te  of  l i n e  re-  
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r e s i s t i v i t y  o r  a c t i i a l l y  d i s r i i p t s  t h e  striictiire of t h e  boiindary 

l a y e r  r e m a i n s  y e t  t o  be seen ,  

The most i m p o r t a n t  d e f i c i e n c y  of t h e  t h e o r y  o f  n e i i t r a l  

p o i n t s ,  however , i s  t h e  lack of e x p e r i m e n t a l  c o n f i r m a t i o n .  

Thoiigh t h e  t h e o r y  was o r i g i n a l l y  c o n c e i v e d  t o  e x p l a i n  s o l a r  f l a r e s p  

t h e  complex i ty  of s i inspot  f i e l d s  and of f l a r e s  and t h e  d i f f i c r i l t y  

i n  o b s e r v i n g  them have  p r e v e n t e d ,  so f a r ,  any c o n c l i i s i v e  proof  

combina t ion  The main d i s a d v a n t a g e s  of h i s  approach  are 

t h a t  i t  i s  n o t  c l e a r  t h a t  t h e  "wave r e g i o n "  e n v i s i o n e d  w i l l  

a c t i i a l l y  be c r e a t e d  and t h a t  h i s  a s sumpt ion  o f  a c i i r l - f r e e  

magne t i c  f i e l d  everywhere  o i i t s i d e  t h e  boiindary l a y e r  l e a d s  t o  

t h e  c o r r e c t  maximiim recombina t ion  rate 

I n  conc l i i s ion  i t  shoiild be s t r e s s e d  t h a t  t h e  t h e o r y  of 

n e i i t r a l  p o i n t s  i s  ve ry  f a r  from comple t e  a t  t h i s  s t a g e .  Almost 

a l l  e x i s t i n g  t h e o r i e s  assiime two-d imens iona l  striictiire , t h e  

achievement  of a n e a r l y  t i m e - i n d e p e n d e n t  c o l l a p s e d  s t a t e  and 

t h e  s t a g n a t i o n  o f  t h e  f l i i i d  f l o w  a t  t h e  n e i i t r a l  p o i n t ,  any o r  

a l l  of which may n o t  b e  j i i s t i f i e d .  Even i f  an eq i i i l i b r i t im  i n  

t h e  c o l l a p s e d  s ta te  o c c i i r s ,  i t  may be u n s t a b l e  ( P a r k e r ,  1963; 

J a g g i ,  1963; S e v e r n y ,  1963) Whether silch i n s t a b i l i t y  mere ly  

l e a d s  t o  small-scale t i i rbu lence  and t o  an i n c r e a s e  i n  e f f e c t i v e  

of an a s s o c i a t i o n  between f lares  and n e t i t r a l  p o i n t s ,  The re  may 

be some a d d i t i o n a l  ev idence  from t h e  " ta i l11 of  t h e  e a r t h ' s  magneto-  

s p h e r e  (Ness, 1965) where a r e g i o n  o f  weak magne t i c  f i e l d ,  commonly 

c a l l e d  "neii t ra l  p l a n e " ,  has  been o b s e r v e d  near t h e  m a g n e t i c  e q u a t o r  

on t h e  n i g h t  s i d e  of t h e  e a r t h ,  s e p a r a t i n g  o p p o s i t e l y  d i r e c t e d  
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f i e l d s ,  Both t h e  m a g n e t i c  f i e l d  and p a r t i c l e  d e n s i t y  are milch 

lower h e r e  t h a n  n e a r  s o l a r  f l a r e s ;  whether  r a p i d  r e c o n n e c t i o n  

of f i e l d  l i n e s  (Axford e t  a l .  ,1965) and p a r t i c l e  a c c e l e r a t i o n  

( S p e i s e r ,  1965; Coppi e t  a l . ,  1966) occur under  t h e s e  c i r c u m s t a n c e s  

i s  s t i l l  s r i b j e c t  t o  c o n t r o v e r s y  (Dessler,  1965). 

F i n a l l y ,  an a t t e m p t  t o  i n v e s t i g a t e  n e i i t r a l  p o i n t s  e x p e r i -  

m e n t a l l y  i n  t h e  l a b o r a t o r y  h a s  been r e c e n t l y  s t a r t e d  ( B r a t e n a h l  

h H i r s c h ,  1966). The n e i l t r a l  p o i n t  (o r  r a t h e r ,  a l i n e  of  n e i i t r a l  

p o i n t s )  w a s  o b t a i n e d  by a l l o w i n g  two expanding  c y l i n d r i c a l  f i e l d s  

t o  c o l l i d e ,  l e a d i n g  t o  a s i t r i a t i o n  somewhat r e s e m b l i n g  t h a t  i n -  

v e s t i g a t e d  t h e o r e t i c a l l y  by Green (Green ,  1965). O b s e r v a t i o n s  

of t h e  evol r i t ion  of  t h e s e  f i e l d s  s t r o n g l y  sr iggest  t h a t  a r e c o n -  

n e c t i o n  o f  magnet ic  f i e l d  l i n e s  d o e s  i n  f a c t  occi i r .  However, 

i n s t e a d  of t h e  f i e l d  t e n d i n g  t o  a r e l a t i v e l y  s lowly  v a r y i n g  

c o l l a p s e d  s ta te ,  o s c i l l a t i o n s  are o b s e r v e d  w i t h  f i e l d  l i n e s  n e a r  

t h e  n e i i t r a l  p o i n t  a l t e r n a t e l y  f o l d i n g  and opening .  

I t  thris a p p e a r s  t h a t  what i s  most needed i n  t h e  s t i idy of 

n e r i t r a l  p o i n t s  i s  o b s e r v a t i o n a l  e v i d e n c e ,  e i t h e r  i n  t h e  l a b o r a t o r y  

o r  i n  space. U n t i l  such  e v i d e n c e  becomes a v a i l a b l e ,  t h e  p r e c e d i n g  

can s e r v e  as no  more than  a t e n t a t i v e  t h e o r y .  

A c  kn o w  ledgmen t 

The a u t h o r  t h a n k s  a l l  t h o s e  who c r i t i c a l l y  reviewed d r a f t s  o f  

t h i s  a r t i c l e ,  e s p e c i a l l y  P r o f e s s o r  E .  P a r k e r ,  who p o i n t e d  out  some 

errors i n  t h e  o r i g i n a l  v e r s i o n ,  D r .  T.  G .  N o r t h r o p ,  D r .  R .  Miller 

and P r o f e s s o r  W .  Elsasser. 
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